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Probabilistic	
  Graphical	
  Models
• High	
  dimensional	
  probability:	
  

=
1

Z

Y

k

 (x↵k)

– Example:	
  

0 1
0 8 3
1 1 9

X1	
  \ X20 1
9 1X1

p(x) =
1

Z

 1(x1) 3(x3) 12(x1, x2) 23(x2, x3)

p(x) = p(x1, x2, . . . , xn)

Discrete: e.g., x 2 {0, 1}n Z:	
  normalization	
  constant



Probabilistic	
  Graphical	
  Models

x1 x2

x3

Directed	
  graph:
(Bayesian	
  Network)

p(x3|x1, x2)

• High	
  dimensional	
  probability:	
  

=
1

Z

Y

k

 (x↵k)p(x) = p(x1, x2, . . . , xn)

Discrete: e.g., x 2 {0, 1}n Z:	
  normalization	
  constant
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Undirected	
  graph:	
  
(Markov	
  random	
  field)

x1

x2

x3

 12  23



‣Most	
  probable	
  configuration	
  (Maximum	
  
a	
  posteriori (MAP)	
  estimate):	
  

Key	
  Inference	
  Types

x

⇤
= argmax

x

p(x) = argmax

x

Y

k

 

k

(x

↵k)

x 2 {0, 1}n

‣Optimization
(max)

‣Marginalization
(sum)

‣Marginal	
  MAP
(max-­‐sum)

‣Decision	
  Making
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‣Optimization
(max)

‣Marginalization
(sum)

‣Marginal	
  MAP
(max-­‐sum)

‣Decision	
  Making

}Normalization	
  constant	
  (a.k.a.	
  partition	
  
function),	
  or	
  marginal	
  probabilities:

Key	
  Inference	
  Types

diseases

symptoms

di

sj

p(di|s)

Z =
X

x

Y

k

 

k

(x
↵k) p(x

i

) =
1

Z

X

x\xi

Y

k

 

k

(x
↵k)or

6



}Maximize	
  marginal	
  probability,	
  or	
  expected	
  
objective	
  w.r.t.	
  “latent	
  variables”:

Key	
  Inference	
  Types

}Latent	
  variables: }Missing	
  labels:

Black:	
  missing	
  labels

‣Optimization
(max)

‣Marginalization
(sum)

‣Marginal	
  MAP
(max-­‐sum)

‣Decision	
  Making

x = [xA, xB ]

x

⇤
B

= argmax

xB

X

xA

p([x

A

, x

B

]) = argmax

xB

X

xA

Y

k

 

k

(x

↵k)
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}Sequential	
  Decision	
  under	
  uncertainty	
  
(stochastic	
  programming):

Key	
  Inference	
  Types

• Sum:	
  average	
  random	
  variables	
  
• Max:	
  optimize	
   decision	
   variables	
  

random
decision

reward

random

random decision

max

xD1

X

xR1

· · ·max

xDk

X

xRk

Y

k

 

k

(x

↵k)

‣Optimization
(max)

‣Marginalization
(sum)

‣Marginal	
  MAP
(max-­‐sum)

‣Decision	
  Making
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Key	
  Inference	
  Types

}Represented	
  as	
  influence	
  diagrams	
  
(a.k.a.	
  decision	
  networks):

:	
  Random	
  variables	
  xR
:	
  Decision	
  variables	
  xD
:	
  Utility	
  function:	
  U([xR,	
  xD])

(Assume:	
  single	
  agent;	
  perfect	
  memory)

Maximize	
  expected	
  utility	
  (MEU):	
  

= max

xD1

X

xR1

· · ·max

xDk

X

xRk

U(x)p(x

R

|x
D

)

‣Optimization
(max)

‣Marginalization
(sum)

‣Marginal	
  MAP
(max-­‐sum)

‣Decision	
  Making

9
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Key	
  Inference	
  Types

}Represented	
  as	
  influence	
  diagrams	
  
(a.k.a.	
  decision	
  networks):

:	
  Random	
  variables	
  xR
:	
  Decision	
  variables	
  xD
:	
  Utility	
  function:	
  U([xR,	
  xD])

Maximize	
  expected	
  utility	
  (MEU):	
  

‣Optimization
(max)

‣Marginalization
(sum)

‣Marginal	
  MAP
(max-­‐sum)

‣Decision	
  Making

10

�Dmax

�D
E(U(x) | �D),

:	
  decision	
  policies

(Multi-­‐agent;	
  limited	
  communication:	
  
no	
  sequential	
  elimination	
  form)



}Sum/Counting

}Maximization

}Max-­‐Sum

Key	
  Inference	
  Types

}Decision	
  Making
(sequential)

}Decision	
  Making
(multi-­‐agent)

No	
  sequential	
  
elimination	
  form

Difficult!max

xB1

X

xA1

· · ·max

xBk

X

xAk

Y

k

 

k

(x

↵k)

max

xB

X

xA

Y

k

 

k

(x

↵k)

X

x

Y

k

 

k

(x
↵k)

max

x

Y

k

 

k

(x

↵k)
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Pure	
  sum	
  or	
  max	
  are	
  (relatively)	
  “easy”

=
X

x2,x3

 3(x3) 23(x2, x3)
X

x1

 12(x1, x2)

=
X

x2,x3

 3(x3) 23(x2, x3)m1!2(x2)

=
X

x3

 3(x3)
X

x2

 23(x2, x3)m1!2(x2)

=
X

x3

 3(x3)m2!3(x3)

Z =
X

x1,x2,x3

 3(x3) 23(x2, x3) 12(x1, x2)x1 x3x2
 12

 3
 23

m1!2 m2!3

• Dynamic	
  programming.	
  

“message	
  passing”

12



Pure	
  sum	
  or	
  max	
  are	
  (relatively)	
  easy!

m

i!j

(x

j

) /
max

xX

x

 

ij

(x

i

, x

j

)

Y

k 6=j

m

k!i

(x

i

)

• On	
  general	
  trees	
  
– Linear	
  complexity

“Message	
  passing”

– Sum	
  or	
  max-­‐product	
  Belief	
  Propagation	
  (BP):

m

i!j

(x

j

) /
max

xX

x

 

ij

(x

i

, x

j

)

Y

k 6=j

m

k!i

(x

i

)

m

i!j

(x

j

) /
max

xX

x

 

ij

(x

i

, x

j

)

Y

k 6=j

m

k!i

(x

i

)

or
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• NP-­‐hard	
  even	
  on	
  trees:	
  

Marginal	
  MAP	
  &	
  Decision	
  are	
  challenging!

Koller & Friedman 09

max:	
  xB

sum:	
  xA

max

xB

X

xA

p([x

A

, x

B

])
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-­‐ Can	
  not	
  exchange	
  	
  max	
  and	
  sum	
  (	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  )max

X
6=
X

max



Marginal	
  MAP	
  &	
  Decision	
  are	
  challenging!

• NP-­‐hard	
  even	
  on	
  trees:	
  

= max

xB

ˆ

 (x

B

)

max:	
  xB

sum:	
  xA

max

xB

X

xA

p([x

A

, x

B

])
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-­‐ Can	
  not	
  exchange	
  	
  max	
  and	
  sum	
  (	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  )max

X
6=
X

max



Use	
  Joint	
  Optimization	
  instead?

[x

⇤
A

, x

⇤
B

] = argmax

x

p([x

A

, x

B

])
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walk drive

rainy 0.05 0.35

sunny 0.3 0.3

Use	
  Joint	
  Optimization	
  instead?

• :	
  the	
  weather	
  of	
  Irvine
• :	
  whether	
  I	
  walk	
  or	
  drive	
  to	
  office
• Query:	
  is	
  Irvine	
  more	
  likely	
  to	
  be	
  sunny?	
  

[x

⇤
A

, x

⇤
B

] = argmax

x

p([x

A

, x

B

])
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walk drive

rainy 0.05 0.35

sunny 0.3 0.3

Marginal MAP:

✓

Paradox: My behavior influence the weather!

Use	
  Joint	
  Optimization	
  instead?

• :	
  the	
  weather	
  of	
  Irvine
• :	
  whether	
  I	
  walk	
  or	
  drive	
  to	
  office
• Query:	
  is	
  Irvine	
  more	
  likely	
  to	
  be	
  sunny?	
  

[x

⇤
A

, x

⇤
B

] = argmax

x

p([x

A

, x

B

])

18



walk drive

rainy 0.05 0.35

sunny 0.3 0.3 Joint MAP:

✗

Marginal MAP:

✓

Use	
  Joint	
  Optimization	
  instead?

• :	
  the	
  weather	
  of	
  Irvine
• :	
  whether	
  I	
  walk	
  or	
  drive	
  to	
  office
• Query:	
  is	
  Irvine	
  more	
  likely	
  to	
  be	
  sunny?	
  

Paradox: My behavior influence the weather!

[x

⇤
A

, x

⇤
B

] = argmax

x

p([x

A

, x

B

])
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Two	
  Types	
  of	
  Approximate	
  Methods
• Elimination-­‐based	
  approximation:
– Directly	
  approximate	
  the	
  sum	
  & max	
  operators
–Mini-­‐bucket,	
  weighted	
  mini-­‐bucket	
  (ICML11)

• Variational approximation:
– Reframe	
  into	
  continuous	
  (hopefully	
  linear	
  or	
  convex)	
  
optimization

– Approximating	
  the	
  continuous	
  optimization

continuous	
  optimization
(hopefully	
  linear	
  or	
  convex)

Elimination	
  
form

All	
  kinds	
  of	
  
approximations
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Variational Algorithms

• Reframe	
  into	
  continuous	
  (hopefully	
  linear	
  or	
  
convex)	
  optimization
– Notation:	
  

(Let ✓(x) = log

Y

k

 k(x↵k))

p(x) =

1

Z

Y

k

 k(x↵k)=

1

Z

exp(✓(x))

22



Variational Algorithms

(maximum: q = p)

M: The set of joint distributions on x:

• Reframe	
  into	
  continuous	
  (hopefully	
  linear	
  or	
  
convex)	
  optimization
– Maximization	
  

– Summation:	
  

log

X

x

exp(✓(x)) = max

q2M

�
E
q

[✓(x)] +H(x ; q)
 

max

x

✓(x) = max

q2M
E
q

[✓(x)] (maximum: q = 1(x*))

Entropy: �
X

x

q(x) log q(x)

– and	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  are	
  intractable!M H(x ; q)

23

(Let ✓(x) = log

Y

k

 k(x↵k))



Variational Approximation

• Approximate	
  M and	
  H(x ; q)
• Derives	
  lots	
  of	
  “message	
  passing”	
  
algorithms	
  (e.g.,	
  Wainwright	
  &	
  Jordan	
  08)

m

i!j

(x

j

) /
max

xX

x

 

ij

(x

i

, x

j

)

Y

k 6=j

m

k!i

(x

i

)

– Exact	
  on	
  trees – Approximate	
  on	
  loopy	
  graphs	
  
(Pearl	
  88)

Tree	
  reweighted	
  BP

– e.g.,	
  Bethe	
  approximation	
  yields	
  loopy	
  BP	
  (Yedidia et	
  al	
  2000)
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Primal	
  Form Dual	
  Form

Max

Sum

Max-­‐sum

Decision	
  Making
(perfect	
  recall)

DecisionMaking
(imperfect	
  recall)

max

xB1

X

xA1

· · ·max

xBk

X

xAk

exp(✓(x))

max

x

exp(✓(x))

25



max (B) sum (A)

Variational Representations	
  (UAI11,	
  JMLR13)

– For	
  marginal	
  MAP:	
  

“truncating” the	
  entropies	
  
of	
  the	
  max	
  nodes;	
  enforcing	
  
deterministic	
   choice

Same	
  as	
  fully	
  
summation

logZAB = max

q2M

�
Eq[✓(x)] +H(xA|xB ; q)

 

= max

q2M

�
Eq[✓(x)] +H(x ; q)�H(xB ; q)

 

(B = ;)Joint	
  sum
Joint	
  max max

q2M
{Eq[✓(x)]}

max

q2M
{Eq[✓(x)] +H(x ; q)}

(A = ;)
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– Sequential	
  decision	
  making:	
  

“truncating”	
  conditional	
  entropies	
  
of	
  decision	
  nodes

Z = max

D1

X

R1

· · ·max

Dk

X

Rk

exp(✓(x))

Same	
  as	
  fully	
  
summation

Variational Representations	
  (UAI12)

– Directly	
  extends	
  to	
  more	
  general	
  (multi-­‐agent)	
  decision	
  
making	
  (details	
  in	
  UAI12)

logZ = max

q2M

�
Eq[✓(x)] +H(x ; q)�

X

i

H(xDi |xpa(Di) ; q)
 

27



Primal	
  Form Dual	
  Form

Max

Sum

Max-­‐sum

Decision	
  Making
(sequential)

DecisionMaking
(multi-­‐agent)

Derive	
  all	
  kinds	
  of	
  algorithms:	
  

Tree	
  reweighted

max

xB1

X

xA1

· · ·max

xBk

X

xAk

exp(✓(x))

max

q2M

�
Eq[✓(x)] +H(x ; q)

�
X

i

H(xAi |xpa(Ai) ; q)
 

max

x

exp(✓(x))
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(Sum-Product)

(Argmax-Product)

max (B) sum (A)

Sum ⇒ Sum∪Max:
(Max-Product)

Max ⇒Max:

Max ⇒ Sum:

“Mixed-­‐product”	
  BP	
  (for	
  marginal	
  MAP)
• “Mixed-­‐product”	
  BP:	
  sends	
  different	
  messages	
  between	
  
different	
  types	
  of	
  nodes	
  

• Optimality	
  guarantees	
  (details	
  in	
  UAI11,UAI12,	
   JMRL13)

 

 

 

 

Text
Text

Text
 

• Intuition
– Optimize	
  xi,	
  	
  pass	
  the	
  result	
  to	
  the	
  sum	
  part	
  

m
i!j

/ max

xi

 
ij

Y

k 6=j

m
k!i

m
i!j

/
X

xi

 
ij

Y

k 6=j

m
k!i

m
i!j

/
X

xi2X⇤
i

 
ij

Y

k 6=j

m
k!i

where X ⇤
i

= argmax

xi

 
i

Y

k

m
k!i

.



Model	
  Parameter
0.5 1 1.5 2 2.5

−0.3

−0.25

−0.2

−0.15

−0.1

−0.05

0

}Hidden	
  Markov	
  Chain	
  (of	
  length	
  10):	
  

Max-­‐product	
  BP

Sum-­‐product	
  BP
Jiang	
  et	
  al	
  11

Experiments	
  (marginal	
  MAP)

Proximal	
  BP

Local	
  search	
  (SamIam)

O
pt
im

al
ity

	
  S
co
re

Mixed-­‐product	
   BP

max

xB

X

xA

p([x

A

, x

B

])

max:	
  xB

sum:	
  xA

30



Experiments	
  (marginal	
  MAP)

Variational algorithms for Marginal MAP

(a). The Structure of Diagnostic BN-2, with 50% randomly selected sum nodes shaped.
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(b). Diagnostic BN-1 (c). Diagnostic BN-2

  

Proximal (Bethe)
Mix−product (Bethe)
Local Search (SamIam)

Figure 7: The results on two diagnostic Bayesian networks (BNs) in UAI08 inference chal-
lenge. (a) the structure of diagnostic BN-2. (b)-(c) The performances of algorithms on
these two BNs as the percentage of max nodes increases. Averaged on 100 random trials.{fig:uai_result}
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}Two	
  diagnostic	
  Bayesian	
  networks	
  from	
  UAI08	
  challenge:
}~200-­‐300	
  nodes,	
  ~300-­‐600	
  edges
}Randomly	
  select	
  a	
  set	
  of	
  max	
  nodes  max (B):

 sum (A):

Mixed-­‐product	
   BP

Proximal	
  BP

Local	
  search	
  
(SamIam)

31

O
pt
im
al
ity
	
  S
co
re



Structured	
  Prediction	
  with	
  Missing	
  labels	
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Marginal Structured SVM with Hidden Variables
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Figure 4. (a) The ground truth image. (b) An example of an observed noisy image. (c) The performance of each algorithm
as the percentage of missing labels varies from 10% to 95%. Results are averaged over 5 random trials, each using 10
training instances and 10 test instances.
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and ⌦ is the outer product. The
set of missing labels (hidden variables) are determined
at random, in proportions ranging from 10% to 95%.
The performance of MSSVM, LSSVM, and HCRFs are
evaluated using the CCCP algorithm.

Figure 4 lists the performance of each method as the
percentage of missing labels is increased. We can see
that the performance of LSSVM degrades significantly
as the number of hidden variables grows. Most no-
tably, MSSVM is consistently the best method across
all settings. This can be explained by MSSVM combin-
ing both the max-margin property and the improved
robustness given by properly accounting for uncer-
tainty in the hidden labels.

7.3. Object Categorization

Finally, we evaluate our MSSVM method on the task
of object categorization using partially labeled images.
We use the Microsoft Research Cambridge data set
(Winn et al., 2005), consisting of 240 images with
213⇥320 pixels and their partial pixel-level labelings.
Modeled on the approach outlined in Verbeek & Triggs
(2007), we use 20⇥20 pixel patches with centers at 10
pixel intervals and treat each patch as a node in our
model. This results in a 20 ⇥ 31 grid model. The
features of each patch are encoded using texture and
color descriptors. For texture, we compute the 128-
dimensional SIFT descriptor of the patch and vector
quantize it into a 500-word codebook, learned by k-
means clustering of all patches in the entire dataset.
For color, we take 48-dimensional RGB color his-
togram for each patch. In our experiment, we select
the 5 most frequent categories in the dataset and use
2-fold cross validation for testing.

Table 4. Average patch level accuracy (%) of MSSVM,
LSSVM, HCRFs for MSRC data by 2-fold cross validation

MSRC Data MSSVM LSSVM HCRFs
Building 72.4 70.7 71.7
Grass 89.7 88.9 88.3
Sky 88.3 85.6 88.2
Tree 71.9 71.0 70.1
Car 70.8 69.4 70.2

Table 4 shows the accuracies of each method across
the various categories. Again, we find that MSSVM
consistently outperforms other methods across all cat-
egories, which can be explained by both the superiority
of SSVM-based methods and the improved robustness
by accounting for uncertainty in the missing labels.

8. Conclusion

We proposed a novel structured SVM method for
structured prediction with hidden variables. We
demonstrate that our method consistently outper-
forms the state of art in both simulated and real data,
especially when the uncertainty of hidden variables is
large. Compared to the popular LSSVM, our MSSVM
is easy to optimize due to the smoothness of its ob-
jective function. We also provide a unified framework
which includes our method as well as a spectrum of
previous methods as special cases.
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  you!
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