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The Quest of better Optimizers

• Optimization: The Cornerstone of large AI model training

min
θ

L(θ)

• Stochastic gradient
• Momentum
• Adaptive methods: Adam, Adagrad, etc.
• AdamW is largely the default for LLM pre-training.

• Better optimizer = Money + Time + Performance + Environmental
sustainability.
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Optimization Background
Gradient descent (SGD):

xt+1 = xt − ϵ∇f (xt).

Momentum:

mt = βmt−1 − (1 − β)∇f (xt)

xt+1 = xt + ϵmt

Adam(W):

mt = β1mt−1 − (1 − β1)∇f (xt)

vt = β2vt−1 − (1 − β2)∇f (xt)
2

m̂t = mt/(1 − βt
1), v̂t = vt/(1 − βt

1)

xt+1 = xt + ϵ

(
m̂t√
v̂t + ϵ

−λxt

)
.

• Memory/computation cost: AdamW > Momentum > SGD
• Can we find better algorithms than AdamW?
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Symbolic Discovery of Optimization Algorithms
• An algorithm is characterized by a train function:

xt ,mt , vt = train(xt ,mt , vt ,∇f (xt), ϵ)

• Find good train(·) with evolutionary search, in a predefined
program space.
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Lion (Evolved Sign Momentum)
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Lion (Evolved Sign Momentum)
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Lion Update Rule

mt+1 = β2mt − (1 − β2)∇f (xt)

xt+1 = xt + ϵ
(
sign

[
β1mt − (1 − β1)∇f (xt)

]
−λxt

)

Unrolled update with default β1 = 0.9, β2 = 0.99:

xt+1 = (1 − ϵλ)xt + sign
[
(10 + 1)gt + 0.99gt−1 + · · · 0.99kgt−k · · ·

]

Key features:
• Use sign[·] .

• Use linear combination of gradient ∇f (xt) and momentum mt .

• Use weight decay λxt .

• No need to keep track of vt , save memory
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Lion Update Rule

mt+1 = β2mt − (1 − β2)∇f (xt)

xt+1 = xt + ϵ
(
sign

[
β1mt − (1 − β1)∇f (xt)

]
−λxt

)
Key points:
• Use sign[·] .

• Generalizes signed SGD and signed Momentum
• Signed SGD is the steepest descent under ℓ∞ norm
• Adam can be viewed as a smoothed signed SGD:

mt = β1mt−1 − (1 − β1)∇f (xt)

vt = β2vt−1 − (1 − β2)∇f (xt)
2

xt+1 = xt + ϵ

(
mt√
vt + ϵ

− λxt

)
.

When β1 = β2 = ϵ = λ = 0, update = mt√
vt

= sign(∇f (xt)).
• Such coordinate-balanced update is crucial for performance in neural

network training.
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Lion Update Rule

mt+1 = β2mt − (1 − β2)∇f (xt)

xt+1 = xt + ϵ
(
sign

[
β1mt − (1 − β1)∇f (xt)

]
−λxt

)
Key points:
• Use linear combination of gradient ∇f (xt) and momentum mt .

• This is in fact the idea of Nesterov momentum:

xt+1 = xt + ϵ(β1mt − (1 − β1)∇f (xt)).

• Adding gradient “stabilizes” the momentum update.
• So we can use more aggressive momentum coefficients

(recommended: β2 = 0.99, β1 = 0.9).
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Lion Update Rule

mt+1 = β2mt − (1 − β2)∇f (xt)

xt+1 = xt + ϵ
(
sign

[
β1mt − (1 − β1)∇f (xt)

]
−λxt

)
Key points:
• Use “decoupled” weight decay λxt .

• Weight decay is applied on update, not on gradient
• A very useful component of AdamW
• It is NOT L2 regularization
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Should we trust a randomly discovered algorithm?
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It turns out it solves a constrained optimization

mt+1 = β2mt − (1 − β2)∇f (xt)

xt+1 = xt + ϵ
(
sign

[
β1mt − (1 − β1)∇f (xt)

]
−λxt

)
• It solves, thanks to the weight decay,

min
x

f (x) s.t. ∥x∥∞ ≤ 1
λ
.

• The constraint is enforced very rapidly.
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−λxt

)
• It solves, thanks to the weight decay,

min
x

f (x) s.t. ∥x∥∞ ≤ 1
λ
.

• Why? Intuition:
• Note that xt+1 = xt + ϵ(sign(ut)− λxt)

• If |λxt | > 1 ≥ |sign(ut)|, the decay term would dominate.

• We can show, when ϵλ < 1,

dist(xt+1,F) ≤ (1 − ϵλ) dist(xt ,F),

where F = {x : ∥λx∥∞ ≤ 1}, under any notion of distance dist(·).
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How to show the convergence to optimum?
• Approach: Certify the convergence with a Laypunov function

• Consider, for example, the standard momentum method:

mt+1 = β1mt − (1 − β1)∇f (xt), xt+1 = xt + ϵmt+1,

• Continuous limit: the heavy ball dynamics

ṁt = −∇f (xt)− γmt , ẋt = mt

• The system monotonically decreases the following Hamiltonian
function:

H(x ,m) = f (x)︸︷︷︸
potential energy

+
1
2
∥m∥2︸ ︷︷ ︸

kinetic energy

.

d
dt

H(xt ,mt) = ∂xH(xt ,mt)
⊤ẋt + ∂mH(xt ,mt)

⊤ṁt

= ∇f (xt)
⊤ẋt + γm⊤(−∇f (xt) + γmt)

= −γ ∥mt∥2 ≤ 0.
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⊤ṁt

= ∇f (xt)
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Lion-K: A Generalization

• Let K be any convex function and ∇K its subgradient:

mt+1 = β2mt − (1 − β2)∇f (xt)

xt+1 = xt + ϵ
(
∇K

(
β1mt − (1 − β1)∇f (xt)

)
−λxt

)
When K(x) = ∥x∥1, we take ∇K(x) = sign(x).
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• In the continuous time limit, Lion-K ODE:

ṁt = −α∇f (xt)− γmt

ẋt = ∇K(mt − ε(α∇f (xt) + γmt))− λxt .

• Main result: Lion-K solves

min
x

F (x) := αf (x) +
γ

λ
K∗(λx),

K∗ is the convex conjugate of K: K∗(x) = supy
(
x⊤y −K(y)

)
.

• When K∗(x) can take infinite values, it is a constrained optimization:

min
x

F (x), s.t. x ∈ domK∗,

where domK∗ = {x : K∗(x) < +∞}.

• Example: K(x) = ∥x∥1, then K∗(x) =

{
0 if ∥x∥∞ ≤ 1
+∞ if ∥x∥∞ > 1.
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• Lion-K includes a broad family of old and new algorithms
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Lyapunov Function of Lion-K

Lion-K ODE (assume εγ ≤ 1):

ṁt = −α∇f (xt)− γmt

ẋt = ∇K(mt − ε(α∇f (xt) + γmt))− λxt .

• [Phase 1] If K∗(x) = +∞ (constraint unsatisfied), we have

dist(xt , domK∗) ≤ exp(−λ(t − s))dist(xs , domK∗), ∀0 ≤ s ≤ t.
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Lyapunov Function of Lion-K
Lion-K ODE (assume εγ ≤ 1):

ṁt = −α∇f (xt)− γmt , ẋt = ∇K(mt − ε(α∇f (xt) + γmt))− λxt .

Solves:

min
x

F (x) := αf (x) +
γ

λ
K∗(x), s.t. x ∈ domK∗,

• [Phase 2] It monotonically decreases the following Lyapunov
function ( d

dtH(xt ,mt) ≤ 0):

H(x ,m) = αf (x) +
γ

λ
K∗(λ)︸ ︷︷ ︸

“potential” function

+
1 − εγ

1 + ϵλ
(K∗(λx) +K(m)− λm⊤x)︸ ︷︷ ︸

“kinetic” energy

• Fenchel-Young inequality: (K∗(λx) +K(m)− λm⊤x) ≥ 0, equality
achieved when ∇K(m) = λx .

• Minimizing H(x ,m) and F (x) are equivalent: minm H(x ,m) = F (x).
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• Lion-K: Discrete time

mt+1 = β2mt − (1 − β2)∇f (xt)

xt+1 = xt + ϵ
(
∇K

(
β1mt − (1 − β1)∇f (xt)

)
−λxt+1

)
• [Phase 1] Constrained Enforcing:

dist(xt+1, domK∗) ≤ 1
1 + ϵλ

dist(xt , domK∗)

• [Phase 2] Constrained Optimization:

H(x ,m) = f (x)+
1
λ
K∗(x)+

β1

ϵλ(1 − β1) + (1 − β2)
(K∗(λx) +K(m)− λx⊤m).

Then
H(xt+1,mt)− H(xt ,mt) ≤ −ϵ∆t +

L

2
ϵ2.

Hence, H(x ,m) decreases when ϵ is small.
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Proof: Consider any ODE:

ṁt = Ut(xt ,mt)

ẋt = Vt(xt ,mt).

d
dt

H(xt ,mt) = ∂mH(xt ,mt)
⊤Ut(xt ,mt) + ∂xH(xt ,mt)

⊤Vt(xt ,mt).

If we can verify that H and V satisfying the following relation:

∂mH(x ,m) = −bÛt(x ,m) + cVt(x ,m),

∂xH(x ,m) = −aV̂t(x ,m)− cUt(x ,m),

where a, b > 0, V̂ are monotonic transforms of V :

V̂t(x ,m)⊤Vt(x ,m) ≥ 0, Ût(x ,m)⊤Ut(x ,m) ≥ 0.

Then
d
dt

H(xt ,mt) = (−bÛt + cVt)
⊤Ut + (−aV̂t − cUt)

⊤Vt

= −aV̂t
⊤Vt − bÛt

⊤Ut ≤ 0.

Key: The cross term U⊤
t Vt is canceled.
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⊤Ut + (−aV̂t − cUt)

⊤Vt

= −aV̂t
⊤Vt − bÛt
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Thoughts
• Initially, we did not believe it was a right algorithm, and tried hard to

find “more theoretically principled" variants.

• Surprising that a machine-discovered algorithms yields such an
intriguing mathematical structure.

• Potential directions:
• Better search programs:

• A good investment because new efficient algorithms and save computation
in the future.

• Improving and Extending Lion:
• Example: in ongoing works, we are developing distributed Lion, leveraging

the sign(·) to develop distributed optimization that only requires to
communicate random bits.

Thank You!
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