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Integration by Parts on R? and Stein’s Identity

Qiang Liu

Stokes’ theorem, fD dw = |, apWws is the generalized fundamental theorem of calculus. It allows us to
convert between functions and their derivatives, and underlies many key tools, including integration by
parts in R? and Stein’s identity.

In textbooks, this is typically presented for a bounded domain P C R? with a smooth boundary 0D:

/’Vfunmr— f(x) ii(z) dS(), 1)
D oD

where 7i(x) is the outward unit normal to D and dS(z) is the surface area element.

However, we often work on the whole space R? with a vanishing boundary condition:

/ Vf(z)dz =0. (2)
Rd

This result can be viewed as the limit of the bounded form (1) as the domain expands. A simple sufficient
condition is [pq |V f(2)| dz < oo, provided f € L'(R?) and is weakly differentiable.

Here, we give a quick derivation of (2). The idea is to simply leverage the translation invariance of the
Lebesgue integral: if f € L'(R?), then

f(m)dx:/ flx +y)de, Vy € RY.
R4 R4

Fix a unit vector v € S¥~! and a scalar € # 0. Setting the displacement y = ev gives

fatre)=f@) o 5

R4 €

Taking € — 0, if we can exchange the limit with the integral, we obtain

o SEe) = @)

i [ @) — 1@

e—0 Rd €

=0.

dx

Since this holds for any direction v, we conclude [pq V f(x)dz = 0.

To make this rigorous, we need a condition that justifies passing the limit through the integral.
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Definition 1 (L'-Taylor Approximation (Definition 1.1 of Spector [2])). A function f: R? — R is said to
have a first order L'-Taylor approximation if f € L'(R%) and there exists a function g € L'(R%; R%)

such that
lim / /
e—0 sd-1 JRd

where ST! = {v € R%: |[v| = 1} is the unit sphere equipped with surface measure dS(v). In this
case, we write Vf = g.

flz + eve) — 1@ _ @), )| dzds) = o, (4)

Theorem 1. If f € L'(RY) is L!-differentiable, then

Vf(z)dz =0.
Ra

Proof. Let I = [ V f(x)daz. For every unit vector v € S%! and € # 0, we have by (3):
f(@+ev) — f(x)

Rd €

dx = 0.
We introduce this zero term into the projection of I onto v:
(10) = [ (Vf(@).0)da
- / <<Vf(x),v) _fere) - fm) da.
Rd

€

Now, consider the integral over the unit sphere. We bound the magnitude of the projection:

[ wwonaser= [ [ (1wr.0 - 210 o

Sd—1 JRd

flz +ev) — f(x)
Taking € — 0, the right-hand side vanishes by definition (4). Thus,

/ (1, 0)] dS(v) = 0.

Since the function v — [(I,v)]| is continuous and non-negative, it must be identically zero on the sphere.
This implies I = 0. O

dS(v)

(Vf(z), v) - dz dS(v).

Sobolev space W1, [2] proved that the L' Taylor approximation condition is equivalent to the re-
quirement that f admits weak first derivatives belonging to L'(RY), namely that f € W1 (R?). Hence,
the condition above may simply be replaced by f € WhH1(R?).

Definition 2 (Weak Derivative and W1?(R%)). A function v; € Li (R?) is the i-th weak derivative of
f e Ll _(RY if

loc

f(z) 0;p(x)dax = — vi(z) () dz, Ype C;;"(Rd).
R4 Rd

We write 0;f = v;, and Vf = (O1f,...,04f).
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For 1 < p < 0o, the Sobolev space W'P(R?) consists of all functions f € LP(RY) whose weak partial
derivatives 0; f exist and belong to LP(R?). The WP norm is defined as:

d
1 lww = 1 Fllze + D 10:f N 2.

=1

Theorem 2 (Theorem 1.3 of [2]). Suppose f € L'(R%). Then f € WL1(R?) if and only if f has a first
order L'-Taylor approximation.

Theorem 1 therefore implies the standard result:

Theorem 3. If f € WH1(RY), then [pq Vf(z)dz = 0.

Stein’s Identity. Applying the Leibniz product rule V(pg) = (Vp)g+p(Vyg) yields integration by parts
(with zero boundary) and Stein’s identity.

Theorem 4. Let p,g: R* — R. Suppose p, g € W (R4 N L>®(R%). Then the product pg € WH1(R4)N
L>®(R?) and:

L, (Vp(@)a@) +p(@) V(@) do =
In particular, if p is a probability density function, this yields Stein’s identity:

Ex~p[V1ogp(X)g(X) + Vg(X)] = 0.

Proof. The assumption p,g € W1H(R?) N L>®°(R%) ensures that the product rule V(pg) = (Vp)g + p(Vg)
holds, as stated in Proposition 9.4 of [1]. The conclusion then follows directly.
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