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ABSTRACT 

We d e s c r i b e some s i m p l e h e u r i s t i c s comb in ing e v a l u a t i o n 
and ma themat i ca l i n d u c t i o n wh ich we have implemented in 
a program t h a t a u t o m a t i c a l l y p roves a wide v a r i e t y o f 
theorems about r e c u r s i v e LISP f u n c t i o n s . The method 
the program uses t o gene ra te i n d u c t i o n f o r m u l a s i s 
d e s c r i b e d a t l e n g t h . The theorems proved by t h e p r o ­
gram i n c l u d e t h a t REVERSE i s i t s own i n v e r s e and t h a t 
a p a r t i c u l a r SORT program is c o r r e c t . Append ix B 
c o n t a i n s a l i s t o f the theorems p roved by t h e p r o g r a m . 
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INTRODUCTION 

We are concerned w i t h p r o v i n g theorems in a f i r s t -
o r d e r t h e o r y o f l i s t s , a k i n t o t h e e lemen ta ry t h e o r y 
of numbers. We use a subse t of LISP as our language 
because r e c u r s i v e l i s t p r o c e s s i n g f u n c t i o n s a re easy t o 
w r i t e i n LISP and because theorems can be n a t u r a l l y 
s t a t e d in L I S P ; f u r t h e r m o r e , LISP has a s i m p l e syn tax 
and i s u n i v e r s a l i n A r t i f i c i a l I n t e l l i g e n c e . W e 
employ a LISP i n t e r p r e t e r to ' r u n ' our theorems and a 
h e u r i s t i c w h i c h produces i n d u c t i o n f o r m u l a s f r o m i n f o r ­
ma t i on about how t h e i n t e r p r e t e r f a i l s . We combine 
w i t h t he i n d u c t i o n h e u r i s t i c a s e t o f s imp le r e w r i t e 
r u l e s o f L ISP and a h e u r i s t i c f o r g e n e r a l i z i n g t h e 
theorem be ing p r o v e d . 

Our program accep ts as i n p u t a LJSP e x p r e s s i o n , e . g . , 

(EQUAL (REVERSE (REVERSE A)) A ) , 

p o s s i b l y i n v o l v i n g sko lem c o n s t a n t s ( e . g . , A , B and C 
t h r o u g h o u t t h i s paper) wh ich s tand f o r u n i v e r s a l l y 
q u a n t i f i e d v a r i a b l e s r a n g i n g over a l l l i s t s . The p r o ­
gram attempts to show t h a t t he va lue o f t he i n p u t e x p r e ­
s s i o n i s a lways equa l to T {whenever the skolem c o n s t ­
a n t s are r e p l a c e d by a r b i t r a r y l i s t s ) . Theorems we 
have proved a u t o m a t i c a l l y i n c l u d e : 

(EQUAL (REVERSE (REVERSE A)) A) 
(IMPLIES (OR (MEMBER A B) (MEMBER A C)) 

(MEMBER A (UNION B c))) 

and 

[ORDERED (SORT A) ) 

where EQUAL i s a p r i m i t i v e f u n c t i o n ( i . e . b u i l t i n t o 
t he theorem p r o v e r ) bu t REVERSE, IMPLIES, OR, MEMBER, 
UNION, ORDERED, and SORT a re d e f i n e d by t h e user of t he 
p rogram. The program uses o n l y i t s knowledge o f t he 
LISP p r i m i t i v e s and the LISP d e f i n i t i o n s s u p p l i e d by 
t he uBer . No f u r t h e r i n f o r m a t i o n i s r e q u i r e d o f t he 
u s e r . 

T h i s paper d e s c r i b e s many aspec ts o f t he p rogram in 
b r e v i t y . A t ho rough p r e s e n t a t i o n i s f o r t h c o m i n g i n 
p a r t I I o f Moore*'a: t h e s i s . 

OUR LISP SUBSET 

We use a subse t of pu re LISP wh ich has as p r i m i t i v e s 
N I L , CONS, CAR, CDR, COND, and EQUAL. We do no.t p rove 
theorems about f u n c t i o n s t h a t i n v o l v e s i d e e f f e c t s , 
RPLACA, QUOTE, or LABEL. We use l i s t s of NIL to r e p ­
r e s e n t n a t u r a l numbers: 0 is N I L , 1 i s (CONS N i l N I L ) , 
and ADP1 is d e f i n e d as ; 

(LAMBDA (X) (CONS NIL X ) ) . 

(Our a r i t h m e t i c i s thus a v e r s i o n o f Peano successo r 
a r i t h m e t i c . ) 

Our e q u a l i t y p r i v i t i v e i s EQUAL r a t h e r t han EQ. Our 
COND p r i m i t i v e t a k e s t h r e e arguments ( f o r s i m p l i c i t y 
w i t h o u t l o s s of p o w e r ) . (COND A B C) in our sys tem is 
(COND (A B) (T C)) in more t r a d i t i o n a l LISP sys tems . 

The u s e r o f t he theorem p r o v e r s u p p l i e s f u n c t i o n d e f i n i ­
t i o n s a lmost e x a c t l y a s i n L I S P , w i t h t he f u n c t i o n 
DEFINE. F o r example , 

DEFINE ( (APPEND {LAMBDA (X Y) 
(COND X 

(CONS (CAR X) 
(APPEND (CDR X) Y) )J 

Y ) » ) . 

EVAL 

Our LISP i n t e r p r e t e r , EVAL, i s s i m i l a r i n many ways to 
a no rma l LISP i n t e r p r e t e r ; EVAL a p p l i e s f u n c t i o n d e f ­
i n i t i o n s and hand les p r i m i t i v e s l i k e COND. EVAL i s 
r e c u r s i v e ; i t e v a l u a t e s arguments b e f o r e a p p l y i n g and 
e v a l u a t i n g f u n c t i o n d e f i n i t i o n s . Our EVAL has s p e c i a l 
p r o v i s i o n s f o r h a n d l i n g sko lem c o n s t a n t s and terms i n 
wh ich t hey appea r . The f o l l o w i n g examples i l l u s t r a t e 
t h e b e h a v i o u r o f our EVAL: 

EVAL( NIL ) - NIL 
EVAL { A ) = A 
EVAL( (CONS A B) ) = (CONS A B) 
EVAL( (CAR (CONS A B) ) ) = A 
EVAL (CDR (CAR (CONS A B)J ) ) = (CDR A) 
EVAL( (COND (CONS A B) C D) ) = C 
EVAL( (APPEND (CONS A B) C) ) = (CONS A 

(APPEND B C)) 

The l a s t example i s j u s t i f i e d because r e g a r d l e s s o f the 
v a l u e s o f A , B and C, t he f i r s t argument to APPEND is 
n o t N I L , so t h a t t he COND in t h e d e f i n i t i o n o f APPEND 
can be e v a l u a t e d . 

EVAL t r i e s to e v a l u a t e (APPEND B C) f u r t h e r bu t f a i l s 
because i t ' r e c u r s e s i n t o 1 t h e skolem c o n s t a n t B . 
(See the d e f i n i t i o n of APPEND above . ) 

When e v a l u a t i n g t h e fo rm ( f o o t i . . . t n ) where f o o i s a 
d e f i n e d f u n c t i o n , w e r e c u r s i v e l y e v a l u a t e t h e arguments 
f i r s t . C a l l t h e v a l u e o f t i ( t j . EVAL b i n d s the 
f o r m a l v a r i a b l e s o f f o o t o t h e i r v a l u e s , t j _ , and t h e n 
e v a l u a t e s t h e d e f i n i t i o n o f f o o . I f a r e c u r s i v e c a l l 
o f f o o i s encoun te red i n t h i s f u n c t i o n body t h e a r g u ­
ments are e v a l u a t e d a a u s u a l . Then , i f one o f t he 
e v a l u a t e d arguments i8 a CAR or CDR e x p r e s s i o n , i t i s 
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added to a l i s t cal led the BOMBLIST. In t h i s case the 
d e f i n i t i o n of foo is not re-appl ied fo r t h i s recursive 
c a l l . The current evaluat ion of the funct ion body is 
continued in the hopes of adding more terms to the 
BOHBLIST. F i n a l l y , EVAL returns ( foo t1 . . . t l ) . 

Thus, in evaluating (APPEND B C) the recursive c a l l 
(APPEND (CDR B) C) is encountered in the d e f i n i t i o n of 
APPEND. (CDR B) is added to the BOHBLIST ind ica t ing 
recursion on B. F i n a l l y , (APPEND B C) is returned as 
the value of (APPEND B C). 

EVALUATION AND INDUCTION 

P a r t i a l evaluation is s u f f i c i e n t to prove a few t r i v i a l 
theorems, f o r example: 

(EQUAL (APPEND NIL B) B) 

EVALs to T since p a r t i a l evaluat ion of the APPEND 
y ie lds B, even though the s t ructure of B is not known. 
However, induct ion is usua l ly needed to prove even 
simple theorems about recurs ive LISP func t ions . 

I t i s i n t u i t i v e l y c lear that evaluat ion arid induct ion 
are complements. The paradigm fo r evaluat ing a 
simp]e recursive funct ion FOO i s : evaluate (FOO (CONS 
A B)) in terms of (FOO B) and handle the NIL case 
separately. The paradigm f o r a simple induct ive proof 
that (FOO X) is T fo r any argument X i s : show that 
(FOO ML) is T, and then assuming that (?00 P) is T, 
show that (FOO (CONS A B)) is T. 

In p a r t i c u l a r , recursion s t a r t s wi th some st ructure and 
decomposes it while induct ion s ta r ts wi th NIL and builds 
up. This dua l i t y cim be used to great advantage: 
Evaluat ion can be used to reduce the induct ion conclu­
sion (FOO (CONS A B)) to a statement invo lv ing the 
induct ion hypothesis. (FQO B)T 

provided that the 
(CONS A B) is one cf the st ructures that FOO decom­
poses in i t s recurs ion. 
Suppose that we wish to prove by induct ion that (FOO X) 
is T fo r a l l X. To show that (FOO NIL) is T, the 
obvious thing - to do is c a l l EVAL and l e t evaluat ion 
solve the problem ( f o r example, EVAl( (APPEND NIL B) ) 
is B) . We then assume that {FOO B) is T, and t r y to 
show that (FOO (CONS A B)) is T, f o r a new skolem 
constant A. The obvious th ing to do now is to c a l l 
EVAL again and l e t the recurs ion in FOO decompose the 
(CONS A B ) . The resu l t w i l l (hopeful ly) be some 
simple expression E, i nvo l v ing (FOO B) ; we then use 
the hypothesis that (FOO B) is T to show that E is T. 
This process is i l l u s t r a t e d by the examples in the 
next two sect ions. 

Of course, if FOO has more than one argument, one must 
choose which one(s) to induct upon. But the l i n k 
between evaluat ion and induct ion makes the choice 
obvious: induct on the s t ruc tures that FOO recurses 
on, that i s , on the s t ruc tures that are being recur­
s i ve ly decomposed by FOO, By choosing those s t r u c t ­
ures we insure that when EVAL is ca l led on the induct ­
ion conclusion, (FOO (CONS A B ) ) , FOO w i l l be able to 
recurse at least one step and the problem w i l l be 
reduced by EVAL to one i nvo l v i ng the induct ion hypo­
thes is , (FOO B) . 

However, the terms that FOO is t r y i ng to recurse on 
are j us t those that generate the ' e r r o r s ' noted 
e a r l i e r . To determine what to induct upon we f i r s t 
EVAL the expression (expect ing to f a i l ) and then i n ­
duct upon some term on the BOHBLIST, that i s , some 
term which EVAL f a i l e d to evaluate. 
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USING THE INDUCTION HYPOTHESIS AND GENERALIZATION. 

Using the induct ion hypothesis is not always as easy as 
it was above. A good example occurs in our program's 
proof of: 

(8) (EQUAL (REVERSE (REVERSE A)) A) , 

where the d e f i n i t i o n of REVERSE i s : 

(LAMBDA (x) 
(COND X 

(APPEND (REVERSE (CDR X)) 
(CONS (CAB X) NIL)) 

N I L ) . 
If we induct on A in (8) we f i n d that the NIL case 
evaluates to T. We therefore assume (8) as our i ndu ­
c t i on hypothesis and t r y to prove: 

(9) (EQUAL (REVERSE (REVERSE (CONS A1 A)) ) (CONS Al A)) 

This evaluates to : 

(10) (EQUAL (REVERSE (APPEND (REVERSE A) (CONS A1 NIL))) 
(CONS Al A)) 

We now wish to use the induct ion hypothesis, ( 8 ) . 
Since i t i s an equa l i t y our heu r i s t i c i s to ' c ross -
f e r t i l i z e ' (10) wi th i t , by rep lac ing the A in the 
r ight -hand side of (10) by the le f t -hand side of ( 8 ) , 
g i v i n g : 

(11) (EQUAL (REVERSE (APPEND (REVERSE A) (CONS A1 NIL))) 
(CONS Al (REVERSE (REVERSE A ) ) ) ) . 

We then consider (8) to be 'used' and throw it away. 
We must now prove (11) . 

At t h i s point we note that (REVERSE A) is a subformula 
which appears on both sides of an EQUAL. Furthermore, 
from the d e f i n i t i o n of REVERSE the program can de ter ­
mine that the output of (REVERSE A) can be any l i s t at 
a l l . On these grounds we choose to general ize the 
theorem to be proved by rep lac ing (REVERSE A) in (11) 
by a new skolem constant, B, and set out to prove: 
(12) (EQUAL (REVERSE (APPEND B (CONS A1 NIL) ) ) 

(CONS Al (REVERSE B ) ) ) . 
But (12) is easy to prove. EVAL t e l l s us to induct on 
B. The NIL case EVALs to T. Assuming (12) as the 
induct ion hypothesis, we EVAL the 'CONS case ' : 
(EQUAL (REVERSE (APPEND (CONS B1 B)(C0NSA1 NIL))) 
(13) (CONS Al (REVERSE (CONS B1 B)))) and get 
(14) (EQUAL 

(APPEND (REVERSE (APPEND B (CONS A1 NIL))) 
(CONS B1 NIL)) 

(CONS A1 (APPEND {REVERSE B) (CONS B1 N I L ) ) ) ) . 

We now use our hypothesis, (12) , by c r o s s - f e r t i l i z i n g 
(14) w i th i t , replac ing (REVERSE (APPEND B (CONS A1 
NIL))) in the le f t -hand side of (14) by the r ight-hand 
side of (12 ) , y i e l d i n g : 

(15) (EQUAL 
(APPEND (CONS A1 (REVERSE B)) (COHS B1 MIL)) 
(CONS A1 (APPEND (REVERSE B) (CONS BI N IL ) ) ) ) 

F i n a l l y , (15) EVALs to T because the le f t -hand side 
APPEND evaluates t o : 

(CONS A1 (APPEND (REVERSE B) (CCNS B1 N I L ) ) ) , 

which is the r ight-hand s ide , so the EQUAL returns T. 
The theorem is therefore proved. 

Our theorem prover takes 8 seconds to produce t h i s 
proof . I f the reader th inks that t h i s theorem is 
u t t e r l y t r i v i a l , he i s i n v i t e d to t r y to prove the 

s im i l a r theorem: 

(EQUAL (REVERSE (APPEND A B)) 

(APPEND (REVERSE B) (REVERSE A ) ) ) , 

which is also proved by the program. 

A DESCRIPTION OF THE PROGRAM. 
Besides EVAL there are f i v e basic subroutines in our 
system: NORMALIZE, REDUCE, FERTILIZE, GENERALIZE, and 
INDUCT. Below are b r i e f descr ipt ions of these 
rou t ines . 

NORMALIZE applies about ten rewr i te ru les to LISP 
expressions. For example: 

(COND (COND A B C) D E) becomes (CCND A (COND B D E) 
(COND C D E) ) , and (COND A A NIL) becomes A. 

APPENDIX C l i s t s the rewr i te r u l e s . 

REDUCE attemptsto propagate the resu l t s of the tes ts in 
COND statements down the branches of the COND t r e e . 
Thus, 

(COND A (COND A B C) (P A)) becomes 
(COND A B (P N IL ) ) . 

FERTILIZE is responsible f o r ' u s i n g ' the hypothesis of 
an imp l i ca t i on when it is an equa l i t y . A theorem of 
the form: 

x = y - p(y) 

i s rewr i t t en to 

p(x) v x / y . 

We make f e r t i l i z a t i o n s of the form: 

x =■ y - f ( z ) = g(y)=> f ( z ) = g(x) v x / y 

before any other k ind . We c a l l such subs t i t u t i ons 
' c r o s s - f e r t i l i z a t i o n s ' ; we pre fer c r o s s - f e r t i l i z a t i o n s 
because they f requent ly al low the proofs we want. 
A f t e r f e r t i l i z i n g we never again l o o k at the equa l i t y 
hypothesis although we re ta in i t f o r soundness. 

GENERALIZE is responsible f o r genera l i z ing the theorem 
to be proved. This is done by rep lac ing some common 
subformulas in the theorem by new skolem constants. 
To prove something of the form: 

p ( f (A ) ) = q( f (A)) 

we t r y proving 

p(B) = q(B) , 

and to prove 

plflA)) -q(f(A)) 

we t r y 

p(B) - q(B), 

where B is a new skolem constant. However, if the 
subformula f(A) is of a h igh ly constrained type, f o r 
ins tance, i t is always a number, an add i t i ona l con­
d i t i o n is imposed on the new skolem constant . 

I f the theorem to be general ized i s : 

(EQUA1 (ADD (LENGTH A) B) (ADD B (LENGTH A))) , 
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GENERALIZE produces as o u t p u t : 

(COHD (LENGTYPE C) (EQUAL (ADD C B) (ADD B C)) T) 

where LENGTYPE is a LISP f u n c t i o n w r i t t e n by GENERALIZE 
f rom the LISP d e f i n i t i o n o f LENGTH. I n t h i s p a r t i ­
c u l a r case , t h e f u n c t i o n w r i t t e n "by GENERALIZE has 
p r e c i s e l y t he d e f i n i t i o n o f NUMBERP, namely: 

(LAMBDA (X) 
(COND X 

(COND (CAR X) NIL (NUMBERP (CDR X ) ) ) 
T ) ) . 

T o p e r f o r m the g e n e r a l i z a t i o n d e s c r i b e d i n t he p r e v i o u s 
s e c t i o n , GENERALIZE wrote the ' t y p e f u n c t i o n ' f o r 
REVERSE: 

(LAMBDA (X) T ) , 

w h i c h was r e c o g n i z e d as be ing no r e s t r i c t i o n a t a l l 
and t h e n i g n o r e d . The problem o f r e c o g n i z i n g t h e 
o u t p u t o f a r e c u r s i v e f u n c t i o n i s c l e a r l y undec idab le 
and v e r y d i f f i c u l t . T o w r i t e these type f u n c t i o n s , 
GENERALIZE uses some h e u r i s t i c s wh ich arc o f t e n u s e f u l . 

INDUCT is the program t h a t embodies our i n d u ' t i o n 
h e u r i s t i c . We now d e s c r i b e the fo rm in wh ich i t 
p r e s e n t s t he new i n d u c t i o n f o r m u l a t o t h e o the r 
r o u t i n e s and how the i n d u c t i o n h y p o t h e s i s i s saved 
f o r u s e . 

I f t he theorem t o b e p roved b y i n d u c t i o n i s (F00 A ) 
and EVAL i n d i c a t e s t h a t F00 r e c u r s e n on the CDR of A, 
t he o u t p u t o f INDUCT i s : 

(COND (FOO NIL) 
(COND (F00 A) (FOO (CONS A1 A ) ) T) 
N I L ) . 

which becomes the theorem to be p r o v e d . T h i s i s , just 
t he LISP e x p r e s s i o n f o r : 

(FOO NIL) & ( (F00 A) -> (FOO (CONS A1 A ) ) ) . 

The d e f i n i t i o n s of AND and IMPLIES are in APPENDIX A. 

The p r e c i s e fo rm o f t h e i n d u c t i o n f o r m u l a o u t p u t by 
INDUCT i s d i c t a t e d by t he t ypes o f ' e r r o r s ' e n c o u n t ­
ered by EVAL. Fo r example , i f bo th t he CAR and the 
CDR of A occur on the BOMBLIST, t h e n the i n d u c t i o n 
f o r m u l a i s : 

(FOO NIL) & ( ((FOO A1) & (FOO A) ) - (FOO (CONS A1 A ) ) ) . 

For s imu l taneous r e c u r s i o n on two v a r i a b l e s ( e . g . LTE 
in APPENDIX A) o r CDRing t w i c e in a f u n c t i o n ( e . g . , 
ORDERED), INDUCT produces a p p r o p r i a t e i n d u c t i o n 
f o r m u l a s . A l l o f t h i s i n f o r m a t i o n i s c o l l e c t e d f rom 
the BOMBLIST produced by EVAL. 

CONTROL STRUCTURE OF THE PROGRAM. 

The c o n t r o l s t r u c t u r e o f ou r system i s v e r y s i m p l e . 
To p rove t h a t some LISP e x p r e s s i o n , THM, always 
e v a l u a t e s to T , we execu te the f o l l o w i n g l o o p : 

l o o p : s e t OLDTHM to THM; 
s e t THM to R E D U E ( N 0 R M A L I Z E ( E V A L ( T H M ) ) ) ; 

if THM = T, then re tu rn ; 
i f THM is n o t EQUAL to OLDTHM, t h e n go to l o o p ; 
i f f e r t i l i z a t i o n a p p l i e s , t hen se t THM t o 

FERTILIZE(THM) 
o t h e r w i s e , i f THM is of t he fo rm (COND p q NIL) 

t hen s e t THM to (COND I N D U C T { G E N E R A L I Z E ( P ) ) 
q NIL) 

o t h e r w i s e , s e t THM to I N D U C T ( G E N E R A L I Z E ( T H M ) ) ; 
g o t o l o o p ; 

I t shou ld b e n o t e d t h a t a l l o f t he i m p o r t a n t c o n t r o l 
s t r u c t u r e i s embedded in t he LISP e x p r e s s i o n THM. 
Fo r example, when INDUCT needs to p rove the c o n j u n c t i o n 
o f t he NIL case and the i n d u c t i o n s t e p , i t i s a c t u a l l y 
done by r e p l a c i n g the e x p r e s s i o n THM by a LISF e x p r e s ­
s i o n which has va lue T i f and on l y i f t h a t c o n j u n c t i o n 
i s t r u e . I f the NIL case e v a l u a t e s t o T , t h e n EVAL 
r e t u r n s t he second c o n j u n c t , which becomes the theorem 
to be p r o v e d . 

CONCLUSION. 

We f i n d i t n a t u r a l to use the r o u t i n e s EVAL, NORMALIZE, 
and REDUCE both to r e w r i t e LISP expresssions; and prove 
theorems. Our expe r ience c o n f i r m s , and was m o t i v a t e d 
by , a c o n v i c t i o n t h a t p r o o f s and compu ta t i ons are 
e s s e n t i a l l y s i m i l a r . T h i s c o n v i c t i o n was i n s p i r e d by 
Bob K o w a l s k i and Pat Hayes, and the beau ty of L ISP. 
Cur program i s i n the s t y l e o f theorem p r o v i n g 
programs w r i t t e n by Woody B l e d s o e . 

We would l i k e to note t h a t our program uses no search 
and a p p l i e s no lemmas. Consequent ly our theorem 
p rove r f r e q u e n t l y r e p r o v e s s imp le f a c t e l i k e the 
r . r ~ o c i a t i v i t y of APPEND. The p h i l o s o p h y of our 
program i s to make the c o r r e c t guess the f i r s t t ime 
and to pursue one goal w i t h power and p e r s e v e r a n c e . 

Our program uses s t r u c t u r a l i n d u c t i o n , wh ich was i n t r o ­
duced i n t o t h e l i t e r a t u r e b y B u r s ' a l l ( 1 9 6 9 ) , a l t h o u g h 
i t was used e a r l i e r by McCarthy and P a i n t e r (1967) in 
a c o m p i l e r c o r r e c t n e s s p r o o f . Common a l t e r n a t i v e 
i n d u c t i v e methods f o r r e c u r s i v e languages are comput­
a t i o n a l i n d u c t i o n ( P a r k , 1969, and deBakker and S c o t t , 
1969) and r e c u r s i o n i n d u c t i o n (McCar thy , 1 9 6 3 ) . Both 
are e s s e n t i a l l y i n d u c t i o n on the depth o f f u n c t i o n 
c a l l s . M i l n e r (1972) and M i l n e r and Weyhrnueh (1972) 
d e s c r i b e a p r o o f checker f o r S c o t t ' s L o g i c f o r Compu­
t a b l e F u n c t i o n s ( S c o t t , 1970) which uses c o m p u t a t i o n a l 
i n d u c t i o n . The most commonly used method is f o r f l o w -
d iagram languages and was suggerted by Naur ( l 9 6 6 ) and 
F l o y d ( 1 9 6 7 ) . " n t h i s app roach , i n d u c t i v e a s s e r t i o n s 
are a t t ached to p o i n t s in a program and are used to 
genera te ' v e r i f i c a t i o n c o n d i t i o n s ' , which are theorems 
wh ich rous t be proved to e s t a b l i s h t he c o r r e c t n e s s o f 
t he program. K i n g ( 1 9 6 9 ) , Good ( 1 9 7 0 ) , Cooper (1971) 
and Gerhar t (1972) have implemented systems wh ich use 
t h i s method f o r l anguag s which i n c l u d e ass ignments 
( p o s s i b l y to a r r a y s ) find jumps o r l o o p s , bu t w i t h o u t 
d e f i n e d procedure c a l l s . The user s u p p l i e s the 
i n d u c t i v e a s s e r t i o n s and the systems genera te t he 
v e r i f i c a t i o n c o n d i t i o n s . K i n g and Cooper have 
i n c o r p o r a t e d au toma t i c theorem p r o v e r s which a t t e m p t 
to p rove t h e theorems g e n e r a t e d . Topor and B u r s t a l l 
(1973) use a F l o y d - l i k u method on a language w i t h 
procedure c a l l s . They r e q u i r e user s u p p l i e d i n d u c t i v e 
a s s e r t i o n s but a symbo l i c i n t e r p r e t e r ( l i k e Our EVAI.) 
gene ra tes the v e r i f i c a t i o n conditions, Deutsch 
(1973) a l so uses symbol ic e v a l u a t i o n . Wegbre i t (1973) 
and Katz and Manna (1973) p r e s e n t h e u r i s t i c s f o r 
g e n e r a t i n g i n d u c t i v e a s s e r t i o n s a u t o m a t i c a l l y . B r o t z 
and F l o y d (1973) have implemented an a r i t h m e t i c 
theorem p rove r very s i m i l a r to o u r s . T h e i r system 
genera tes i t s own i n d u c t i o n f o r m u l a s and uses the 
g e n e r a l i z a t i o n h e u r i s t i c we use ( w i t h o u t ' t y p e 
f u n c t i o n s ' ) . They i n d u c t upon the r i g h t - m o s t skolem 
c o n s t a n t appea r i ng i n the s ta tement o f the theorem 
r a t h e r than u s i n g EVAL and the BOMBLIST as we d o . 
T h e i r h e u r i s t i c w i l l always choose a term r e c u r s e d 
upon (due to r e s t r i c t i o n s on t h e forms o f r e c u r s i v e 
e q u a t i o n s a l l owed) bu t i t w i l l n o t a lways choose the 
one we choose. D a r l i n g t o n and B u r s t a l l (1973) 
d e s c r i b e a system wh ich w i l l t a k e f u n c t i o n s such as 
t he ones in our L ISP subset and w r i t e e q u i v a l e n t 
programs wh ich are more e f f i c i e n t . T h i s system w i l l 
r e p l a c e r e c u r s i o n by i t e r a t i o n , rnerge l o o p s , and use 
d a t a s t r u c t u r e s ( d e s t r u c t i v e l y ) when p e r m i t t e d . 



APPENDIX A contains the d e f i n i t i o n s of the LISP func t ­
ions we use in the proofs of the theorems in APPENDIX 
B. The program automat ical ly proves a l l of the 
theorems in APPENDIX B. The average time it takes to 
prove each theorem is 8 seconds on an ICL 4130 using 
POP-2. The time is almost completely spent in POP-2 
l i s t processing, where the time fo r a CONS is 400 
microseconds, and f o r CAR and CDR it is 50 microseconds. 
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DEFINE((ADD (LAMBDA {X Y) 
(COND X (CONS NIL (ADD (CDR X) Y) ) (LENGTH Y ) ) ) ) ) 

[NOTE: CONSING NIL ONTO A NUMBER IS JUST 
ADDING 1 TO I T . 'LENGTH' IS USED TO INSURE 
THAT THE OUTPUT IS ALWAYS A NUMBER.] 
DEFINE((ADDTOLIS (LAMBDA (X Y) 

(COND Y 
(COND (LTE X (CAR Y)) 

(CONS X Y) 
(CONS (CAR Y) (ADDTOLIS X (CDR Y ) ) ) ) 

(CONS X N I L ) ) ) ) ) 
DEFINE((AND (LAMBDA (X Y) 

(COND X (COND Y T N IL ) N I L ) ) ) ) 
[NOTEt 'AND' IS DEFINED SO THAT IT IS ALWAYS 
BOOLEAN, EVEN IF X AND Y ARE NOT. THE SAME 
HOLDS FOR 'OR ' , 'NOT ' , AND ' I M P L I E S ' . ] 
DEFINE((APPEND (LAMBDA (X Y) 

(COND X (CONS (CAR X) (APPEND (CDR X) Y)) Y ) ) ) ) 
DEFINE((ASSOC (LAMBDA (X Y) 

(COND Y 
(COND (CAR Y) 

(COND (EQUAL X (CAR (CAR Y ) ) ) 
(CAR Y) 
(ASSOC X (CDR Y ) ) ) 

(ASSOC X (CDR Y ) ) ) 
N I L ) ) ) ) 

DEFINE((BOOLEAN (LAMBDA ( x ) 
(COND X (EQUAL X T ) T ) ) ) ) 

DEFINE((CDRN (LAMBDA (X Y) 
(COND Y ( COND X (CDRN (CDR X) (CDR T ) ) Y) N I L ) ) ) ) 

[NOTE: 'CDRN' RETURNS THE XTH CDR OF Y . ] 
DEFINE((CONSNODE (LAMBDA (X Y) 

(CONS NIL (CONS X Y ) ) ) ) ) 
DEFINE((COPY (LAMBDA ( x ) 
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(COND X 
(CONS (COPY (CAR X)) (COPY (CDR X ) ) ) 
N I L ) ) ) ) 

DEFINE((COUNT (LAMBDA (x Y) 
(CONE Y 

(COND (EQUAL X (CAR Y) ) 
(CONS NIL (COUNT X (CDR Y ) ) ) 
(COUNT X (CDR Y ) ) ) 

N I L ) ) ) ) 
[NOTE: 'COUNT' RETURNS THE NUMBER OF TIMES 
X OCCURS AS AN ELEMENT OF Y . ] 
DEFINE((DOUBLE (LAMBDA (x ) 

(COND X 
(CONS N I L (CONS NIL (DOUBLE (CDR X ) ) ) ) 
N I L ) ) ) ) 

DEFINE((ELEMENT (LAMBDA (X Y) 
(COND Y 

(COND X (ELEMENT (CDR X) (CDR Y)) (CAR Y)) 
N I L ) ) ) ) 

DEFINE(EQUALP (LAMBDA (X Y) 
(COND X 

(COND Y 
(COND (EQUALP (CAR X) (CAR Y)) 

(EQUALP (CDR X) (CDR Y)) 
NIL) 

N IL ) 
(COND Y NIL T ) ) ) ) ) 

DEFINE((EVEN1 (LAMBDA (X) 
(COND X (NOT (EVEN1 (CDR X ) ) ) T ) ) ) ) 

DEFINE((EVEN2 (LAMBDA (x ) 
(COND X 

(COND (CDR X) (EVEN2 (CDR (CDR X ) ) ) NIL) 
T ) ) ) > 

DEFINE (FLATTEN (LAMBDA (X) 
(COND (NODE X) 

(APPEND (FLATTEN (CAR (CDR x))) 
(FLATTEN (CDR (CDR X ) ) ) ) 

(CONS X N I L ) ) ) ) ) 
[NOTE: 'FLATTEN' RETURNS A LIST OF TIPS IN 
A BINARY TREE OF 'NODES'. SEE 'CONSNODE' 
FOR THE DEFINITION OF HOW TO BUILD A NODE.] 
DEFINE((GT (LAMBDA (X Y) 

(COND X (COND Y (GT (CDR X) (CDR Y) ) T) N I L ) ) ) ) 
DEFINE((HALF (LAMBDA (X) 

(COND 
X 
(COND (CDR X) (CONS NIL (HALF (CDR (CDR X ) ) ) ) NIL) 
N I L ) ) ) ) 

DEFINE((IMPLIES (LAMBDA (X Y) 
(COND X (COND Y T NIL) T ) ) ) ) 

DEFINE((INTERSEC (LAMBDA (X Y) 
(COND X 

(COND (MEMBER (CAR X) Y) 
(CONS (CAR X) (INTERSEC (CDR X) Y)) 
(INTERSEC (CDR X) Y) ) 

N I L ) ) ) ) 
DEFINE((LAST (LAMBDA (X) 

(COND X 
(COND (CDR X) (LAST (CDR X)) (CAR X) ) 
N I L ) ) ) ) 

DEFINE((LENGTH (LAMBDA (X) 
(COND X (CONS NIL (LENGTH (CDR X ) ) ) N I L ) ) ) ) 

DEFIHE((LIT (LAMBDA (X Y Z) 
(COND X (APPLY Z (CAR X) ( L I T (CDR X) Y Z ) ) Y ) ) ) ) 

[NOTE: 'L IT ' ' IS A GENERAL PURPOSE FUNCTION, 
FOR EXAMPLE, (APPEND X T) = ( L I T X Y CONS). 
OUR PROGRAM CANNOT HANDLE FUNCTIONS AS ARGS, 
BUT SOME FACTS ABOUT ' L I T ' CAN BE VERIFIED 
WITHOUT KNOWING WHAT 'APPLY' DOES.] 
DEFINE((LTE (LAMBDA (X I) 

(COND X (COND Y (LTE (CDR X) (CDR Y)) NIL) T ) ) ) ) 
DEFINE((MAPLIST (LAMBDA (X Y) 

(COND X 
(CONS (APPLY Y (CAR X) ) (MAPLIST (CDR X) Y) ) 
N I L ) ) ) ) 

DEFIHE((MEKBER (LAMBDA (x Y) 
(COND Y 

(COND (EQUAL X (CAR Y) ) T (MEMBER X (CDR Y ) ) ) 
N I L ) ) ) ) 

DEFIRE((MONOT1 (LAMBDA (X) 
(COND X 

(COND (CDR X) 
(COND (EQUAL (CAR X) (CAR (CDR X ) ) ) 

(MONOT1 (CDR X)) NIL) 
T) 

T ) ) ) ) 
DEFINE((MONOT2 (LAMBDA (X Y) 

(COND 
Y 
(COND (EQUAL X (CAR Y)) (M0N0T2 X (CDR Y)) NIL) 
T ) ) ) ) 

DEFINE((MONOT2P (LAMBDA (X) 
(COND X (MONOT2 (CAR X) (CDR X)) T ) ) ) ) 

[NOTE: A LIST IS 'MONOTONOUS' IF ALL THE 
ELEMENTS ARE THE SAME. 'MONOTl' AND 'MONOT2P' 
ARE TWO DIFFERENT WAYS TO DETECT THIS.] 
DEFINE((MULT (LAMBDA (X Y) 

(COND X (ADD Y (MULT (CDR X) Y) ) N I L ) ) ) ) 
DEFINE((NODE (LAMBDA (X) 

(COND X 
(COND (CAR X) NIL (COND (CDR X) T N IL ) ) 
N I L ) ) ) ) 

DEFINE((NOT (LAMBDA (X) 
(COND X N IL T ) ) ) ) 

DEFINE((NUMBERP (LAMBDA (X) 
(COND X (COND (CAR X) NIL (NUMBERP (CDR X ) ) ) T ) ) ) ) 

DEFINE((OCCUR (LAMBDA (X Y) 
(COND 

(EQUAL X Y) 
T 
(COND Y 

(COND (OCCUR X (CAR Y)) T (OCCUR X (CDR Y ) ) ) 
N I L ) ) ) ) ) 

DEFINE((OR (LAMBDA (X Y) 
(COND X T (COND Y T N I L ) ) ) ) ) 

DEFINE((ORDERED (LAMBDA (x ) 
(COND X 

(COND (CDR X) 
(COND (LTE (CAR X) (CAR (CDR X ) ) ) 

(ORDERED (CDR x)) 
NIL) 

T) 
T ) ) ) ) 

DEFINE((PAIRLIST (LAMBDA (X Y) 
(COND 
X 
(COND 
Y 
(CONS (CONS (CAR X) (CAR Y)) 

(PAIRLIST (CDR X) (CDR Y ) ) ) 
(CONS (CONS (CAR X) NIL) (PAIRLIST (CDR X) N I L ) ) ) 

N I L ) ) ) ) 
DEFINE((REVERSE (LAMBDA (x ) 

(COND X 
(APPEND (REVERSE (CDR X)) (CONS (CAR X) NIL) ) 
N I L ) ) ) ) 

DEFINE((SORT (LAMBDA (x ) 
(COND X (ADDTOLIS (CAR X) (SORT (CDR X ) ) ) N I L ) ) ) ) 

DEFINE((SUBSET (LAMBDA (X Y) 
(COND 

X 
(COND (MEMBER (CAR X) Y) (SUBSET (CDR X) Y) NIL) 
T ) ) ) ) 

DEFINE((SUBST (LAMBDA (X Y Z) 
(COND 

(EQUAL Y Z) 
X 
(COND 

Z 
(CONS (SUBST X Y (CAR Z ) ) (SUBST X Y (CDR 2 ) ) ) 
N I L ) ) ) ) ) 

DEFINE(SWAPTREE (LAMBDA (X) 
(COND (NODE X) 

(CONSNODE (SWAPTREE (CDR (CDR X ) ) ) 



(SWAPTREE (CAR (CDR X ) ) ) ) 
x) ) ) ) 

DEFINE((TIPCOUNT (LAMBDA (X) 
(COND (NODE X) 

(ADD (TIPCOUNT (CAR (CDR X ) ) ) 
(TIPCOUNT (CDR {CDR x)))) 

1) ) ) ) 
DEFINE((UNION (LAMBDA (X T) 

(COND x 
(COND (MEMBER (CAM X) Y) 

UNION (CDR X) Y) 
(CONS (CAR X) (UNION (CDR X) Y ) ) ) 

APPENDIX B. THEOREMS PROVED AUTOMATICALLY. 

APPEND, LENGTH AND REVERSE THEOREMS 

(EQUAL (APPEND A (APPEND B C)) 
(APPEND (APPEND A B) C)) 

(IMPLIES (EQUAL (APPEND A B) (APPEND A C)) 
(EQUAL E C ) ) 

(EQUAL (LENGTH (APPEND A B) ) (LENGTH (APPEND B A ) ) ) 

(EQUAL (REVERSE (APPEND A B ) ) 

(APPEND (REVERSE B) (REVERSE A ) ) ) 

(EQUAL (LENGTH (REVERSE D)) (LENGTH D)) 

(EQUAL (REVERSE (REVERSE A ) ) A) 

(IMPLIES A (EQUAL (LAST (REVERSE A) ) (CAR A ) ) ) 

MEMBER, UNION, ETC THEOREMS 

(IMPLIES (MEMBER A B) (MEMBER A (APPEND B C ) ) ) 

(IMPLIES (MEMBER A B) (MEMBER A (APPEND C B ) ) ) 

(IMPLIES (AND (NOT (EQUAL A (CAR B ) ) ) (MEMBER A B)) 
(MEMBER A (CDR B ) ) ) 

(IMPLIES (OR (MEMBER A B) (MEMBER A C)) 
(MEMBER A (APPEND B C) ) ) 

(IMPLIES (AND (MEMBER A B) (MEMBER A C ) ) 
(MEMBER A (INTERSEC B C ) ) ) 

(IMPLIES (OR (MEMBER A B) (MEMBER A C)) 
(MEMBER A (UNION B c))) 

(IMPLIES (SUBSET A B) (EQUAL (UNION A B) B ) ) 

(IMPLIES (SUBSET A B) (EQUAL (INTERSEC A B) A ) ) 

(EQUAL (MEMBER A B) 
(NOT (EQUAL {ASSOC A (PAIRLIST B C)) N I L ) ) ) 

HAPLIST THEOREMS 

(EQUAL (MAPLIST (APPEND A B) C) 
(APPEND (MAPLIST A C) (MAPLIST B C ) ) ) 

(EQUAL (LENGTH (MAPLIST A B) ) (LENGTH A) ) 

(EQUAL (REVERSE (MAPLIST A B) ) 
(MAPLIST (REVERSE A) B) ) 

MISCELLANEOUS THEOREMS 

(EQUAL ( L I T (APPEND A B) C D ) ( L I T A ( L I T B C D) D)) 

(IMPLIES (AND (BOOLEAN A) (BOOLEAN B)) 
(EQUAL (AND (IMPLIES A E) (IMPLIES B A) ) 

(EQUAL A B ) ) ) 

(EQUAL (ELEMENT B A) 

(ELEMENT (APPEND C B) (APPEND C A ) ) ) 

(IMPLIES (ELEMENT B A) (MEMBER (ELEMENT B A) A ) ) 

(EQUAL (CDRN C (APPEND A B ) ) 

(APPEND (CDRN C A) (CDRN (CDRN A C) B ) ) ) 

(EQUAL (CDRN (APPEND B C) A) (CDRN C (CDRN B A ) ) ) 

(EQUAL (EQUAL A B) (EQUAL B A) ) 

(IMPLIES (AND (EQUAL A B) (EQUAL B c ) ) (EQUAL A C)) 
(IMPLIES 

(AND (BOOLEAN A) (AND(BOOLEAN B) (BOOLEAN C ) ) ) 
{EQUAL (EQUAL (EQUAL A B) C) 

(EQUAL A (EQUAL B C ) ) ) ) 

ARITHMETIC THEOREMS 

(EQUAL (ADD A B) (ADD B A) ) 

(EQUAL (ADD A (ABD B C)) (ADD (ADD A B) C)) 

(EQUAL (MULT A B) (MULT B A ) ) 

(EQUAL (MULT A (ADD B C)) 

(ADD (MULT A B) (MULT A C ) ) ) 

(EQUAL (MULT A (MULT B C)) (MULT (MULT A B) C)) 

(EVENt (DOUBLE A)) 

(IMPLIES (NUMBER? A) (EQUAL (HALF (DOUBLE A) ) A) ) 
(IMPLIES (AND (NUMBERP A) (EVENl A ) ) 

(EQUAL (DOUBLE (HALF A ) ) A ) ) 

(EQUAL (DOUBLE A) (MULT 2 A ) ) 

(EQUAL (DOUBLE A) (MULT A 2)) 

(EQUAL (EVEK1 A) (EVEN2 A)) 

GT, LTE, ORDERED AND SORT THEOREMS 

(QT (LENGTH (CONS A B) ) (LENGTH B)) 

(IMPLIES (AND (GT A B) (GT B C)) (GT A C)) 

(IMPLIES (GT A B) ( NOT (GT B A ) ) ) 

(LTE A (APPEND B A ) ) 

(OR (LTE A B) (LTE B A ) ) 

(OR (GT A B) 
(OR (GT B A) (EQUAL (LENGTH A) (LENGTH B j ) ) ) 

(EQUAL (M0N0T2P A) (MONOT1 A ) ) 

(ORDERED (SORT A) ) 

(IMPLIES (AND (MONOT1 A) (MEMBER B A)) 
(EQUAL (CAR A) B ) ) 

(LTE (CDRN A B) B) 
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(EQUAL (MEMBER A (SORT B) ) (MEMBER A B ) ) 

(EQUAL (LENGTH A) (LENGTH (SORT A ) ) ) 

(EQUAL (COUNT A B) (COUHT A (SORT B ) ) ) 

(IMPLIES (ORDERED A) (EQUAL A (SORT A ) ) ) 

(IMPLIES (ORDERED (APPEND A B)) (ORDERED A)) 

(IMPLIES (ORDERED (APPEND A B)) (ORDERED B)) 

(EQUAL (EQUAL (SORT A) A) (ORDERED A) ) 

(LTE (HALF A) A) 

THEOREMS ABOUT TREES 

(EQUAL (COPY A) A) 

(EQUAL (EQUAL P A B) (EQUAL A B)) 

(EQUAL (SUBST A A B) B) 

(IMPLIES (MEMBER A B) (OCCUR A B)) 

(IMPLIES (NOT (OCCUR A B)) (EQUAL (SUBST C A B) B)) 

(EQUAL (EQUALP A B) (EQUALP B A ) ) 

(IMTLIES (AND (EQUALP A B) (EQUALP B C)) 
(EQUALP A C)) 

(EQUAL (SWAPTREE (SWAPTREE A)) A) 

(EQUAL (FLATTEN (SWAPTREE A)) (REVERSE (FLATTEN A ) ) ) 

(EQUAL (LENGTH (FLATTEN A)) (TIPCOUKT A)) 

APPENDIX C. REWRITE RULES APPLIED BY NORMALIZE. 

In the ru les below, lower oase l e t t e r s represent 
a rb i t r a r y forms. Forms matching those on the l o f t -
hand side of the arrows are replaced by the appro­
p r ia te instances of the forms on the r i g h t . IDENT is 
a rout ine which takes two terms as arguments and 
returns 'equal ' i f they are syn tac t i ca l l y i d e n t i c a l 
(such as (CONS A B) and (CONS A B) , or (CONS NIL NIL) 
and 1 ) , 'unequal ' i f they are obviously unequal (such 
as (CONS A B) and NIL, or (CONS A B) and A ) , or 
'unknown'. BOOLEAN is a rout ine which returns t rue 
or fa lse depending upon whether i t s argument is 
boolean by inspect ing i t s d e f i n i t i o n wi th an induct ive 
assumption that any recursive ca l l s are to be 
considered boolean. NORMALIZE rewr i tes the arguments 
to the term i t is given before r ewr i t i ng the top- leve l 
expression. F i n a l l y , any rule invo lv ing EQUAL has a 
symmetric vers ion not presented in which the arguments 
to the EQUAL have been interchanged. 

(EQUAL x y ) = > T , i f IDENT(x ,y ) = ' e q u a l ' 
(EQUAL x y) => N I L , i f IDENT(x .y ) = ' u n e q u a l ' 
(EQUAL x T) => x, i f BOOLEAN(x) 
(EQUAL (EQUAL x y) z) => (COND (EQUAL x y) 

(EQUAL z T) 
(COND 2 NIL T ) ) 

(COND (CONS U V) x y) => x 
(COND NIL x y) =c y 
(COND x T NIL) ^> x, i f BOOLEAN(x) 
COND x y y) => y 

(COND x x NIL) => x 
(f X1 . . . (COHD y u v) . . . x ) => (COND y 

( f x . . . u . . . x ) 
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