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lattice for constant propagation
pow

er set of variables {x,y,z}
�
�
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M
on
oton
ic
fu
n
ction
�
If
D

is
a
p
artially
ord
ered
set
an
d
f
�
D

�

D
�

f
is
said
to
b
e
m
on
oton
ic
if
x
�

y
�
�
f
�x
�
�

f
�y
��

In
tu
itiv
ely�
if
th
e
in
p
u
t
of
a
m
on
oton
ic
fu
n
ction
is
in
creased
�
th
e

ou
tp
u
t
eith
er
stay
s
th
e
sam
e
or
in
creases
as
w
ell�

E
x
am
p
les
of
m
on
oton
ic
fu
n
ction
s
on
C
P
lattice�

�

id
en
tity
�
f�x
�
�
x

�

b
ottom
fu
n
ction
�
f�x
�
�
�

�

con
stan
t
fu
n
ction
�
f�x
�
�
�

E
x
am
p
les
of
n
on
	m
on
oton
ic
fu
n
ction
s
on
C
P
lattice�

f�x
�
�
if
�x
�
�
��
th
en


else
�

�
�
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T
h
eorem
�
L
et
D

b
e
a
lattice
of
�
n
ite
h
eigh
t
an
d
f
�
D
�

D

b
e

m
on
oton
ic�
T
h
en
�
th
e
eq
u
ation
s
x
�
f
�x
�
h
as
a
least
an
d
a
greatest

solu
tion
giv
en
b
y
th
e
lim
its
of
th
e
ch
ain
s
�
�f
��
��f
���
������
an
d

�
�f
��
��f
���
������

P
ro
of�

�
�

f
��
��d
e
f
in
itio
n
o
f
�
�

f
��
�
�

f
���
��m
o
n
o
to
n
icity
o
f
f
�

����

�
�
�
�

f
��
�
�

�f
���
�����

S
in
ce
th
e
lattice
h
as
�
n
ite
h
eigh
t�
th
is
ch
ain
h
as
som
e
largest

elem
en
t
l�
an
d
f
�l�
�
l�
S
o
l
solv
es
th
e
eq
u
ation
�
It
is
also
easy
to

sh
ow
th
at
l
is
th
e
least
solu
tion
to
th
e
eq
u
ation
s�

A
sim
ilar
argu
m
en
t
sh
ow
s
th
at
a
greatest
solu
tion
ex
ists�

�
�
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greatest solution

least solution

x .x

E
x
am
p
les�

�

f�x
�
�
�

lim
it�
�
�f
�
�
�
�
�
�����
�
�

lim
it�
�
�f
�
�
�
�
�
�f
�
�
�
�
�
�����
�
�

�

f�x
�
�
x

lim
it�
�
�f
�
�
�
�
�
������
�
�

lim
it�
�
�f
�
�
�
�
�
������
�
�

�
�
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C
orollary
�

If
f
�
g
�
h
etc
are
m
on
oton
ic
fu
n
ction
s�
th
e
sy
stem
of
eq
u
ation
s

x
�
f
�x
�y
�z
����

y
�
g
�x
�y
�z
����

z
�
h
�x
�y
�z
��������

h
as
least
an
d
greatest
solu
tion
s
giv
en
b
y
th
e
lim
its
of
th
e
ob
v
iou
s

ch
ain
s
�eg�
least
solu
tion
is
ob
tain
ed
b
y
startin
g
w
ith
�

for
all

variab
les�
su
b
stitu
tin
g
in
to
righ
t
h
an
d
sid
es
to
get
n
ew
valu
es
for

all
variab
les�
an
d
iteratin
g
till
con
v
ergen
ce
o
ccu
rs��

�
�
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C
o
n
n
ectio
n
b
etw
een
co
n
sta
n
t
p
ro
p
a
g
a
tio
n
a
n
d
la
ttice
eq
u
a
tio
n
s�

itera
tiv
e
p
ro
ced
u
re
is
ju
st
a
m
eth
o
d
to
so
lv
e
la
ttice
eq
u
a
tio
n
s�

S0 = [T,T]
S1 = S0{1 / x}
S2 = S1{2 / y }
S3 = if (S2[y] < S2[x]) or (S2[y]=T) or (S2[x] = T)
           then S2
           else S3 
.....
S6 = S4 U

 S5
......

x := 1

STA
R

T

y:= x + 2

y > x

y := 5

m
erge

...y.... S0S1S2

S3

S4

S5

S6

(2 variables)
S0, S1, S2,..... :  C

xC
 

Lattice: C
true  false   ... -1  0  1  ....

�
�
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Q
u
estio
n
�
sin
ce
eq
u
a
tio
n
s
h
a
v
e
m
a
n
y
so
lu
tio
n
s
in
g
en
era
l�
w
h
ich

o
n
e
sh
o
u
ld
w
e
co
m
p
u
te�

F
o
r
C
P
�
lea
st
so
lu
tio
n
g
iv
es
m
o
re
a
ccu
ra
te
in
fo
rm
a
tio
n
th
a
n
o
th
er

so
lu
tio
n
s�

x := 1

STA
R

T

m
erge

y := ...

p(y)

...x... [1,T]

[T,T]

[T,T]

[T,T]

[T,T]

[T,T]

[T,T]

[1,T]

[1,T]

[1,T]

[1,T]

[1,T]

[.....]:   least solution

[.....]:   greatest solution

In
g
en
era
l�
if
co
n
�
u
en
ce
o
p
era
to
r
is
jo
in
�
co
m
p
u
te
lea
st
so
lu
tio
n
�

o
th
erw
ise
co
m
p
u
te
g
rea
test
so
lu
tio
n
�

�
�
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G
en
era
l
sp
eci�
ca
tio
n
o
f
d
a
ta
�
o
w
p
ro
b
lem
�

�

L
a
ttice�
�
n
ite
h
eig
h
t

�

R
u
les
fo
r
w
ritin
g
d
o
w
n
eq
u
a
tio
n
s
fro
m

C
F
G

�

C
o
n
�
u
en
ce
o
p
era
to
r

N
o
sp
ecia
l
a
rg
u
m
en
ts
a
b
o
u
t
term
in
a
tio
n
o
r
co
m
p
lex
ity
a
re
n
eed
ed
�

�
�



��

��

C
on
stan
t
p
rop
agation
is
ex
am
p
le
of

F
O
R
W
A
R
D
�F
L
O
W
�A
L
L
�P
A
T
H
S
p
rob
lem
�

In
tu
itiv
ely�
d
ata
is
p
rop
agated
forw
ard
in
C
F
G
�
an
d
valu
e
is

con
stan
t
at
a
p
oin
t
p
on
ly
if
it
is
th
e
sam
e
con
stan
t
for
all
p
ath
s

from
start
to
p
�

G
en
eral
classi�
cation
of
d
ata�
ow
p
rob
lem
s�reaching definitions

very busy expressions
live variables

constant propagation

available expressions

B
A

C
K

W
A

R
D

FO
R

W
A

R
D

A
LL PA

TH
S

A
N

Y
 PA

TH

�
�
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A
v
a
ila
b
le
ex
p
ressio
n
s�F
O
R
W
A
R
D
F
L
O
W
�
A
L
L
P
A
T
H
S

D
e�
n
itio
n
�
A
n
ex
p
ressio
n
�x
o
p
y
�
is
a
v
a
ila
b
le
a
t
a
p
o
in
t
p
if
ev
ery

p
a
th
fro
m

S
T
A
R
T
to
p
co
n
ta
in
s
a
n
ev
a
lu
a
tio
n
o
f
p
a
fter
w
h
ich

th
ere
a
re
n
o
a
ssig
n
m
en
ts
to
x
o
r
y�

L
a
ttice�
p
o
w
erset
o
f
a
ll
ex
p
ressio
n
s
in
p
ro
g
ra
m

o
rd
ered
b
y

co
n
ta
in
m
en
t

�
�
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y := x + 1
z := x + 1

m
erge

...x+1...

STA
R

T

<---- x+1 is "available" here

x := y op z E0E1

E1 = {y op z} U
 (E0 - Ex)

(w
here Ex is all expressions involving x)

STA
R

TE0 = { } 

EQ
U

A
TIO

N
S:

Lattice:  pow
erset of all expressions in procedure

confluence operator:   m
eet (intersection)

com
pute greatest solution

�
�
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R
ea
ch
in
g
d
e�
n
itio
n
s�F
O
R
W
A
R
D
F
L
O
W
�
A
N
Y
P
A
T
H

A
d
e�
n
itio
n
d
o
f
a
v
a
ria
b
le
v
is
sa
id
to
rea
ch
a
p
o
in
t
p
if
th
ere
is
a

p
a
th
fro
m

S
T
A
R
T
to
p
w
h
ich
co
n
ta
in
s
d
�
a
n
d
w
h
ich
d
o
es
n
o
t

co
n
ta
in
a
n
y
d
e�
n
itio
n
s
o
f
v
a
fter
d
�

a := R
EA

D
()

b := R
EA

D
()

d := b - a

d := b + d

d > 0

d := a + b

m
erge

print (d)

STA
R

T

m
erge

d > b

EN
D

d0d1d2

{}{d0}

{d0,d1}

{d0,d1,d2}

{d0,d1,d2}

{d0,d1,d4}

d3

d4

{d0,d1,d2,d4}

{d0,d1,d3}

{d0,d1,d2,d3}

{d0,d1,d2,d3}

Lattice: pow
erset of definitions in procedure

Equations:STA
R

T{}

x := e D
in

D
out

D
out = 

d
{d} U

 (D
in - dx)

(dx is set of all definitions of x)

C
om

pute least solution

C
onfluence operator: join (union)

C
om

plexity:  D
*E*D

 (D
 is num

ber of definitions)

�
�
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M
a
n
y
in
term
ed
ia
te
rep
resen
ta
tio
n
s
reco
rd
rea
ch
in
g
d
e�
n
itio
n
s

in
fo
rm
a
tio
n
in
g
ra
p
h
ica
l
fo
rm
�

d
ef�u
se
ch
a
in
�
ed
g
e
w
h
o
se
so
u
rce
is
a
d
e�
n
itio
n
o
f
v
a
ria
b
le
v
�
a
n
d

w
h
o
se
d
estin
a
tio
n
is
a
u
se
o
f
v
rea
ch
ed
b
y
th
a
t
d
e�
n
itio
n

u
se�d
ef
ch
a
in
�
rev
erse
o
f
d
ef�u
se
ch
a
in

a := R
EA

D
()

b := R
EA

D
()

d := b - a

d := b + d

d > 0

d := a + b

m
erge

print (d)

STA
R

T

m
erge

d > b

EN
D

d0d1d2

{}{d0}

{d0,d1}

{d0,d1,d2}

{d0,d1,d2}

{d0,d1,d4}

d3

d4

{d0,d1,d2,d4}

{d0,d1,d3}

{d0,d1,d2,d3}

{d0,d1,d2,d3}

def-use chains

�
�
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L
iv
e
variab
le
an
aly
sis�B
A
C
K
W
A
R
D
F
L
O
W
�
A
N
Y
P
A
T
H

A
variab
le
x
is
said
to
b
e
liv
e
at
a
p
oin
t
p
if
x
is
u
sed
b
efore
b
ein
g

assign
ed
on
som
e
p
ath
from
p
to
E
N
D
�u
sed
in
register
allo
cation
��

Lattice: pow
erset of variables ordered by containm

ent

Equations:

EN
D

{}

x := y op z

E0 E1 =  {y,z} U
 (E0 - {x})

C
onfluence operator: join (union)

C
om

pute least solution

�
�
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V
ery
b
u
sy
ex
p
ression
s�F
O
R
W
A
R
D
F
L
O
W
�
A
L
L
P
A
T
H
S

A
n
ex
p
ression
e
��
y
op
z�
is
said
to
b
e
v
ery
b
u
sy
at
a
p
oin
t
p
if
it

is
evalu
ated
on
ev
ery
p
ath
from
p
to
E
N
D
b
efore
an
assign
m
en
t
to

y
or
z�

Lattice: pow
erset of expressions ordered by containm

ent

Equations:

EN
D

{}

x := y op z

E0 E1 =  {y op z} U
 (E0 - Ex)

C
om

pute greatest solution

(Ex is set of expressions containing x)

C
onfluence operator: m

eet (intersection)

�
�
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P
ra
g
m
a
tics
o
f
d
a
ta
�
o
w
a
n
a
ly
sis�

�

C
o
m
p
u
te
a
n
d
sto
re
in
fo
rm
a
tio
n
a
t
b
a
sic
b
lo
ck
lev
el�

�

U
se
b
it
v
ecto
rs
to
rep
resen
t
sets�

Q
u
estio
n
�
ca
n
w
e
sp
eed
u
p
d
a
ta
�
o
w
a
n
a
ly
sis�

T
w
o
a
p
p
ro
a
ch
es�

�

ex
p
lo
it
stru
ctu
re
in
co
n
tro
l
�
o
w
g
ra
p
h

�

ex
p
lo
it
sp
a
rsity

�
�
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O
p
tim
izin
g
D
a
ta
�
o
w
A
n
a
la
y
sis

�
�
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C
on
stan
t
p
rop
agation
on
C
F
G
�
O
�
E
V
��

R
each
in
g
d
e�
n
ition
s
on
C
F
G
�
O
�
E
N
��

A
vailab
le
ex
p
ression
s
on
C
F
G
�
O
�
E
A
��

T
w
o
ap
p
roach
es
to
sp
eed
in
g
u
p
d
ata�
ow
an
aly
sis�

�

ex
p
loit
stru
ctu
re
in
th
e
p
rogram

�

ex
p
loit
sp
arsity
in
th
e
d
ata�
ow
eq
u
ation
s�
u
su
ally�
a
d
ata�
ow

eq
u
ation
in
v
olv
es
on
ly
a
sm
all
n
u
m
b
er
of
d
ata�
ow
variab
les

�
�
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E
x
p
lo
itin
g
p
ro
g
ra
m

stru
ctu
re

�

W
o
rk
�list
a
lg
o
rith
m

d
id
n
o
t
en
fo
rce
a
n
y
p
a
rticu
la
r
o
rd
er
fo
r

p
ro
cessin
g
eq
u
a
tio
n
s

�

S
h
o
u
ld
ex
p
lo
it
p
ro
g
ra
m

stru
ctu
re
to
a
v
o
id
rev
isitin
g
eq
u
a
tio
n
s

u
n
n
ecessa
rily

p

y = ....x....

x = 2
x = 3

e1
e2

e3

- w
e should schedule e3 after w

e have processed e1 and e2;
    otherw

ise e3 w
ill have to be done tw

ice

- if this is w
ithin a loop nest, can be a big w

in

�
�
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G
en
era
l
a
p
p
ro
a
ch
to
ex
p
lo
itin
g
stru
ctu
re�
elim
in
a
tio
n

�

Id
en
tify
reg
io
n
s
o
f
C
F
G
th
a
t
ca
n
b
e
p
re
p
ro
ce
ssed
b
y
co
lla
p
sin
g

reg
io
n
in
to
a
sin
g
le
n
o
d
e
w
ith
th
e
sa
m
e
in
p
u
t�o
u
tp
u
t
b
eh
a
v
io
r

a
s
reg
io
n

�

S
o
lv
e
d
a
ta
�
o
w
eq
u
a
tio
n
s
itera
tiv
ely
o
n
th
e
co
lla
p
sed
g
ra
p
h
�

�

In
terp
o
la
te
d
a
ta
�
o
w
so
lu
tio
n
in
to
co
lla
p
sed
reg
io
n
s�

W
h
a
t
sh
o
u
ld
b
e
a
reg
io
n
�

�

b
a
sic�b
lo
ck
s

�

b
a
sic�b
lo
ck
s�
if�th
en
�else�
lo
o
p
s

�

in
terv
a
ls

�

����

S
tru
ctu
red
p
ro
g
ra
m
s�
lim
it
in
w
h
ich
n
o
itera
tio
n
is
req
u
ired

�
�
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E
x
a
m
p
le�
rea
ch
in
g
d
e�
n
itio
n
s
in
stru
ctu
red
la
n
g
u
a
g
e

T
o
su
m
m
a
rize
th
e
e�
ect
o
f
a
reg
io
n
�
co
m
p
u
te
g
en
a
n
d
k
ill
fo
r

reg
io
n
�

D
a
ta
�
o
w
eq
u
a
tio
n
fo
r
reg
io
n
ca
n
b
e
w
ritten
u
sin
g
g
en
a
n
d
k
ill�

inout

region
R

gen[R
]: set of definitions in R

 from
 w

hich there is
   a path to exit free of other definitions of the sam

e variable

kill[R
]: set of definitions in program

 that do not reach 

out = gen[R
]  U

   (in - kill[R
])

exit of R
 even if they reach the beginning of R

�
�
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a =  b + c

d

R

p

R
1

R
2

R
1

R
2

p R
1

R

R

R

gen[R
] =   {d}

kill [R
] = D

a
(all definitions of a)

out[R
] = gen[R

] U
 (in[R

] - kill[R
])

gen[R
] = gen[R

2] U
 (gen[R

1] - kill[S2])
kill[R

] = kill[R
2] U

 kill[R
2]

gen[R
]  = gen[R

1] U
 gen[R

2]
kill[R

] = kill[R
1] 

Ukill[R
2]

gen[R
]  = gen[R

1]
kill[R

] = kill[R
1]

in[R
2] = gen[R

1] U
 (in[R

] - kill[R
1])

in[R
1] = in[R

]

in[R
1] = in[R

2] = in[R
]

in[R
1] = in[R

] U
  gen[R

]

�
�
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O
b
servation
s�

�

F
or
stru
ctu
red
p
rogram
s�
w
e
can
solv
e
d
ata�
ow
p
rob
lem
s
lik
e

reach
in
g
d
e�
n
ition
s
p
u
rely
b
y
elim
in
ation
�w
ith
ou
t
an
y

iteration
�
�com
p
lex
ity
�
O
�
E
V
���

�

F
or
stru
ctu
red
p
rogram
s�
w
e
can
ev
en
solv
e
th
e
d
ata�
ow

p
rob
lem
d
irectly
on
th
e
ab
stract
sy
n
tax
tree
�n
o
n
eed
to
b
u
ild

th
e
con
trol
�
ow
grap
h
��

�

F
or
less
stru
ctu
red
p
rogram
s
�lik
e
red
u
cib
le
p
rogram
s��
w
e

m
u
st
b
u
ild
th
e
con
trol
�
ow
grap
h
to
id
en
tify
region
s
lik
e

in
tervals�
b
u
t
th
ere
is
still
n
o
n
eed
to
iterate�

�
�
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E
x
p
loitin
g
sp
arsity
to
sp
eed
u
p
d
ata�
ow
an
aly
sis

E
x
am
p
le�
con
stan
t
p
rop
agation

�

C
F
G
algorith
m
for
con
stan
t
p
rop
agation
u
sed
con
trol
�
ow

grap
h
to
p
rop
agate
state
v
ectors�

�

P
rop
agatin
g
in
form
ation
for
all
variab
les
in
lo
ck
�step
forces
a

lot
of
u
seless
cop
y
in
g
in
form
ation
from
on
e
v
ector
to
an
oth
er

�con
sid
er
a
variab
le
th
at
is
d
e�
n
ed
at
top
of
p
ro
ced
u
re
an
d

u
sed
on
ly
at
b
ottom
��

S
olu
tion
�

�

d
o
con
stan
t
p
rop
agation
for
each
variab
le
sep
arately

�

p
rop
agate
in
form
ation
d
irectly
from
d
e�
n
ition
s
to
u
ses	

sk
ip
p
in
g
ov
er
irrelevan
t
p
ortion
s
of
con
trol
�
ow
grap
h

S
u
b
tle
p
oin
t�
in
w
h
at
ord
er
sh
ou
ld
w
e
p
ro
cess
variab
les
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C
o
n
sta
n
t
p
ro
p
a
g
a
tio
n
u
sin
g
d
ef�u
se
ch
a
in
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Φ

- phi-function is like pseudo-assignm
ent

O
ne possibility: one phi-function for every variable

   at every m
erge in C

FG
.

- phi-function com
bines different reaching definitions

   at a m
erge into a single one at output of m
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- control dependence at m
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pute for each side of the
    m
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onstant propagation: 
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here should phi-functions be placed? 
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 form
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I 96)
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confluence operator: m
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(available)
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