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Abstract. We study deterministic mechanisms for the two-facility loca-
tion problem. Given the reported locations of n agents on the real line,
such a mechanism speci�es where to build the two facilities. The single-
facility variant of this problem admits a simple strategyproof mecha-
nism that minimizes social cost. For two facilities, however, it is known
that any strategyproof mechanism is Ω(n)-approximate. We seek to cir-
cumvent this strong lower bound by relaxing the problem requirements.
Following other work in the facility location literature, we consider a re-
laxed form of strategyproofness in which no agent can lie and improve
their outcome by more than a constant factor. Because the aforemen-
tioned Ω(n) lower bound generalizes easily to constant-strategyproof
mechanisms, we introduce a second relaxation: Allowing the facilities
(but not the agents) to be located in the plane. Our �rst main result
is a natural mechanism for this relaxation that is constant-approximate
and constant-strategyproof. A characteristic of this mechanism is that a
small change in the input pro�le can produce a large change in the so-
lution. Motivated by this observation, and also by results in the facility
reallocation literature, our second main result is a constant-approximate,
constant-strategyproof, and Lipschitz continuous mechanism.

Keywords: Facility Location Problem · Mechanism Design

1 Introduction

Facility location is a canonical problem in algorithmic game theory and mecha-
nism design. The typical problem formulation is that given a set of agent loca-
tions, a facility location mechanism determines a set of locations for the facilities.
Each agent then has a service cost given by the distance between their location
and their nearest facility. The social cost is de�ned as the sum of the agent ser-
vice costs. It is desirable for a mechanism to be e�cient, that is, to minimize the
social cost (under the assumption of truthful reporting). To encourage truthful
reporting, it is desirable for a mechanism to be strategyproof, which means that
an agent cannot decrease their service cost by misreporting.

In this paper, we focus on deterministic mechanisms for the well-studied
setting in which the agents are located on the real line. While our focus is on the
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design of mechanisms for locating two facilities, it is useful to brie�y comment
on the case of a single facility. As discussed by Procaccia and Tennenholtz [42],
it is easy to design a single-facility location mechanism that is e�cient and
strategyproof; the idea is to place the facility at the median agent location when
the number of agents is odd and at either the left or right middle agent location
when the number of agents is even.1

When the number of facilities is expanded to two, strategyproofness starts
to restrict the e�ciency that a mechanism can provide. Lu et al. [35] show
that any strategyproof mechanism has Ω(n) approximation ratio of the social
cost.2 In this paper, we seek to circumvent the Ω(n) lower bound by relax-
ing the problem requirements. The �rst relaxation is to target an approximate
form of strategyproofness. In particular, we seek a mechanism that is constant-
strategyproof [40] instead of strategyproof. A constant-strategyproof mechanism
ensures that no agent can reduce their service distance by more than a multi-
plicative constant factor by misreporting. It is straightforward to generalize the
Ω(n) result of Lu et al. [35] to show that the same Ω(n) lower bound holds
for constant-strategyproof mechanisms. Accordingly, we introduce a second re-
laxation: We allow the facilities to be located in the plane. This is a departure
from the prior work, where the agents and the facilities lie in the same metric
space [4,17,23,31,41,46,47]. Intuitively, this relaxation allows us to more easily
attain constant-strategyproofness at the expense of increasing our approximation
ratio of optimal social cost.

1.1 Our Contributions

These relaxations enable our two main results. First, we present mechanismM3,
a natural mechanism that is constant-approximate (i.e., attains a constant ap-
proximation ratio of optimal social cost) and constant-strategyproof. Informally,
the mechanism starts with an optimal solution on the line and then moves each
facility away from the line by a distance inversely proportional to the number of
agents it serves. Intuitively, lifting facilities o� the real line weakens the ability
of an agent to signi�cantly reduce their own service cost through misreporting,
while still keeping the social cost within a constant factor of optimal. This tech-
nique is reminiscent of `money burning' ideas that limit manipulation at the cost
of some e�ciency to preserve truthful behavior. A characteristic of mechanism
M3 is that small changes in agent locations can cause unbounded changes in the
locations of facilities. To address this characteristic, we present mechanism M4,

1 More general results of Moulin [39] establish that for agent locations on the real
number line and single-peaked preferences, these are the only mechanisms for single-
facility location that are e�cient and strategyproof.

2 The simple mechanism that locates the facilities at the leftmost and the rightmost
agents achieves O(n) approximation of the social cost, which indicates that the
Ω(n) bound is asymptotically tight [42]. In fact, Fotakis and Tzamos [21] show
that the foregoing mechanism achieves the best possible approximation ratio for the
problem and is the only deterministic anonymous strategyproof mechanism with
approximation ratio bounded by a function of n.
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which is constant-approximate, constant-strategyproof, and constant-Lipschitz
(i.e., Lipschitz continuous with a constant Lipschitz factor).

1.2 Related Work

Facility location is a central problem in mechanism design without money. There
has been extensive research that studies facility location under various settings
such as fully general metric spaces [18,37], strictly convex spaces [48], graph
metrics [1,12,13,19,44], and probabilistic metrics [3,32]. We highlight results that
are directly relevant to ours and defer the rest to a survey of the �eld [8].

Facility Location in Higher Dimensions One relevant line of investigation
is the study of facility location in higher dimensions [4,17,23,31,41,46,47]. For
example, Barberà et al. [4] generalize Moulin's single-facility result to higher
dimension by selecting the facility's coordinate within each dimension indepen-
dently in a �median-like" fashion. Sui et al. [47] generalize median mechanisms
from [4,6,39] into percentile mechanisms by determining facility locations using
percentiles of ordered agent location projections in each dimension. While these
mechanisms are strategyproof, they show that for any dimension greater than
one, no percentile mechanism attains an approximation ratio with respect to
social cost bounded by a function of n.

Strategyproofness Relaxations In recent years, there has been growing in-
terest in exploring approximate notions of strategyproofness in order to enable
trade-o�s with other desired properties [5,14,16,33,36,40,43,45,46]. One relax-
ation is to allow an agent to obtain a multiplicative constant factor gain through
misreporting [22,28,40]. This relaxation closely parallels the incentive ratio in
market design [9]. Oomine et al. [40] studied the obnoxious facility game [11]
under this relaxation and exhibited a trade-o� between strategyproofness and
the approximation ratio. Speci�cally, with the multiplicative constant factor of
λ, they obtained the approximation ratio of 1 + 2

λ . The multiplicative factor
can be viewed as providing a bound on the maximum possible gain an agent
can obtain by misreporting, which is broadly aligned with the goal of designing
mechanisms with limited manipulability [10,16,27,43,45].

Facility Reallocation The setting of facility reallocation motivates the design
of Lipschitz continuous mechanism [20,30]. The facility reallocation problem con-
siders a sequence of agent preference pro�les over time with the optimization goal
being to minimize both the social cost at each time step and the facility reallo-
cation distances across time steps. Lipschitz continuous mechanisms allow us to
bound the facility reallocation distances as a function of the preference pro�le
distances without any information about prior or future time steps.
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2 Preliminaries

For any nonnegative integer k, we write [k] as a shorthand for {1, . . . , k}.
In this work, any instance of the facility location problem involves a set of

two or more agents indexed starting at 1. A pro�le π is a vector of real values
specifying the preferences of the agents on the real line in nondecreasing order.
The nondecreasing requirement re�ects the fact that all of the mechanisms we
consider are anonymous. For any positive integer n, we de�ne an n-pro�le as a
pro�le for an n-agent instance. For any n-pro�le π, we de�ne µ(π) as 1

n

∑
i∈[n] πi.

A pro�le π is trivial if all of its components are equal; otherwise, it is nontrivial.
For any n-pro�le π and any i in [n], we de�ne interval(π, i) as (−∞, π2] if

i = 1, as [πn−1,∞) if i = n, and as [πi−1, πi+1] otherwise. Observe that a real
number x belongs to interval(π, i) if and only if (π1, . . . , πi−1, x, πi+1, . . . , πn) is
an n-pro�le. For any n-pro�le π, we de�ne Γ (π) as the set of all n-pro�les π∗

such that |{i ∈ [n] | πi 6= π∗i }| ≤ 1. For any n-pro�le π, any i in [n], and any real
number x, we de�ne subst(π, i, x) as the n-pro�le obtained from π by replacing
πi with x and rearranging the resulting components in nondecreasing order.

In this paper, we use the term �point� to refer to an element of R2, and we
write p1 (resp., p2) to denote the x-coordinate (resp., y-coordinate) of a given
point p. We say that a point p is 1-D if p2 = 0. For any real number x and any
point p, we de�ne d(x, p) as ‖(x, 0)− p‖1 = |x− p1|+ |p2|.3

A solution τ for a given pro�le π is an ordered pair (τ1, τ2) of points specifying
the locations of the two facilities. We require that τ1 ≤ τ2, where the comparison
is performed lexicographically. We sometimes refer to τ1 (resp., τ2) as the left
(resp., right) facility. We write τi,j , where i and j belong to {1, 2}, to refer to
component j of τi. We say that a solution τ is 1-D if τ1 and τ2 are each 1-D.4 For
any real number x and any solution τ , we de�ne d(x, τ) as min(d(x, τ1), d(x, τ2)).
In other words, d(x, τ) is equal to the distance between x and its nearest facility,
which corresponds to the individual cost function of an agent with preference x.
For any two solutions τ and τ∗, we de�ne ‖τ − τ∗‖1 as

∑
`∈{1,2} ‖τ` − τ∗` ‖1.

For any pro�le π and any solution τ , we de�ne C(π, τ) as
∑
i∈[n] d(πi, τ). In

other words, we de�ne the social cost of a pro�le π and solution τ as the sum of
individual agent costs d(πi, τ).

Lemma 2.1. Let π and π∗ be n-pro�les and let τ be a solution. Then |C(π∗, τ)−
C(π, τ)| is at most ‖π∗ − π‖1.

Proof. For any i in [n], |d(π∗i , τ)− d(πi, τ)| is at most |π∗i − πi|. ut

In our analysis, we sometimes want to identify the set of agents served by
each facility under a given solution. For any pro�le π and any solution τ , we
de�ne S1(π, τ) as the set of all indices i in [n] such that d(πi, τ1) ≤ d(πi, τ2), and
3 Even though we focus on the Manhattan distance in this paper, all of our results
also hold for Euclidean distance up to constant factors.

4 We adopt the convention that the symbol σ (rather than τ) is used to refer to a
solution that is guaranteed to be 1-D.
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we de�ne S2(π, τ) as [n] \ S1(π, τ). Note that if an agent is equidistant from the
two facilities, we consider it to be served by the left facility.

We de�ne the left-median of s ≥ 1 real numbers x1 ≤ · · · ≤ xs as xds/2e.
That is, if s is odd, then the left-median is the median, and if s is even, then the
left-median is the lower-indexed of the two middle values. The following fact is
attributable to Procaccia and Tennenholtz [42].

Fact 1 For any pro�le π, the lexicographically �rst minimum-cost single-facility
solution locates the facility at the left-median of π.

For any n-pro�le π and any i in [n − 1], we de�ne cand(π, i) as the 1-
D solution that locates the left facility at the left-median of the leftmost i
agents (i.e., at πdi/2e), and the right facility at the left-median of the right-
most n − i agents (i.e., at πd(n+i)/2e). We also de�ne cand(π, n) as the 1-D so-
lution ((πdn/2e, 0), (πdn/2e, 0)). Solution cand(π, n) locates both facilities at the
left-median of the entire set of n agents; note that the left facility is viewed as
serving the entire set of n agents under this solution.

For any n-pro�le π, we de�ne active(π) as the set of all i in [n] such that under
solution cand(π, i), the left facility serves exactly i agents. For any n-pro�le π,
we de�ne canonical(π) as the lexicographically �rst minimum-cost solution for
π if π is nontrivial, and as cand(π, n) otherwise.

Lemma 2.2. Let π be an n-pro�le and let σ denote canonical(π). Then there is
an index i in active(π) such that σ = cand(π, i).

Proof. If π is trivial, it is clear that n belongs to active(π) and σ = cand(π, n).
For the remainder of the proof, assume that π is nontrivial. Thus σ is the lex-
icographically �rst minimum-cost solution for π. Let i denote |S1(π, σ)|. Since
π is nontrivial and σ is minimum-cost, we �nd that σ1,1 < σ2,1 and i belongs
to [n − 1]. Since σ is the lexicographically �rst minimum-cost solution for π,
we deduce from Fact 1 that σ1,1 is the left-median of π1, . . . , πi and σ2,1 is the
left-median of πi+1, . . . , πn. Thus i belongs to active(π) and σ = cand(π, i). ut

Using Lemma 2.2, we deduce that for any n-pro�le π, there is exactly one i
in [n] such that canonical(π) = cand(π, i); we de�ne this i as index(π).

For any pro�le π, we de�ne the optimal social cost C(π) as C(π, σ) and S`(π)
as S`(π, σ) for all ` in {1, 2}, where σ denotes canonical(π).

Lemma 2.3. Let π and π∗ be n-pro�les. Then |C(π∗)− C(π)| ≤ ‖π∗ − π‖1.

Proof. By symmetry, it is su�cient to establish that C(π∗)−C(π) ≤ ‖π∗−π‖1.
Let σ (resp., σ∗) denote the canonical solution for pro�le π (resp., π∗). We have
C(π∗) ≤ C(π∗, σ) ≤ C(π)+ ‖π∗−π‖1, where the second inequality follows from
Lemma 2.1. ut

A mechanism M maps any given pro�le to a solution. We say that a mecha-
nism is 1-D if it only produces 1-D solutions.

For any mechanismM and any function α : N→ R+, we de�ne the following
terms:
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1. M is α(n)-approximate if C(π,M(π)) ≤ α(n)C(π) for all n-pro�les π;
2. M is α(n)-strategyproof if d(πi,M(π)) ≤ α(n)d(πi,M(subst(π, i, x))) for all
n-pro�les π, all i in [n], and all real numbers x;

3. M is α(n)-Lipschitz if ‖M(π∗)−M(π)‖1 ≤ α(n)‖π∗ − π‖1 for all n-pro�les
π and π∗.

As discussed in Section 1, our interest is in achieving constant-factor bounds
(i.e., independent of n). We say a mechanism is constant-approximate (resp.
constant-strategyproof, constant-Lipschitz) if the factor α(n) is O(1). Note that
when α(n) = 1, α(n)-strategyproof is strategyproof and when α(n) is a constant,
α(n)-strategyproof corresponds to constant-strategyproof de�ned in [40].

3 Facility Location in R

3.1 Mechanism M1

We de�ne our �rst mechanism M1 as follows: For any pro�le π, M1(π) is equal
to canonical(π).

By construction, it is clear to see that this mechanism attains the optimal
social cost and therefore is constant-approximate with an approximation ratio of
1. However, the following counter-example shows that this mechanism is neither
constant-Lipschitz nor constant-strategyproof.

Lemma 3.1. Mechanism M1 is not constant-strategyproof and is not constant-
Lipschitz.

Proof. Let λ be an arbitrarily large positive real number, let z and ε be positive
real numbers such that z > 2ελ, let π denote the pro�le (−z, 0, 0, z + ε), let σ
denote the solution M1(π) = ((0, 0), (z + ε, 0)), let π∗ denote the pro�le (−z −
2ε, 0, 0, z + ε), and let σ∗ denote the solution M1(π

∗) = ((−z − 2ε, 0), (0, 0)).
Observe that only agent 1 changed their report (from π to π∗) and only changed
it by 2ε. We have

d(π1, σ) = z ≥ 2ελ = λd(π∗1 , σ
∗).

Hence M1 is not constant-strategyproof. Furthermore,

‖σ − σ∗‖1
‖π − π∗‖1

=
2z + 3ε

2ε
,

which goes to in�nity as z →∞. Hence M1 is not constant-Lipschitz. ut

The linear bound on the approximation ratio of optimal social cost for deter-
ministic, strategyproof, mechanisms provided by [35] can trivially be extended
to constant-strategyproof mechanisms to show that, in fact, no 1-D, constant-
strategyproof, mechanism can attain a constant approximation ratio of optimal
social cost. However, such a mechanism can be constant-Lipschitz as we show
with the mechanism M2 (Section 3.2). We use the following lemma in our anal-
ysis of M2.
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Lemma 3.2. Let π be a pro�le and let σ denote M1(π). Then |{i | πi ≤ σ1,1}|
is at least d|S1(π)|/2e and |{i | πi ≥ σ2,1}| is at least d|S2(π)|/2e.

Proof. Follows from Lemma 2.2. ut

3.2 Mechanism M2

Below we de�ne our second mechanism M2. Before doing so, we provide some
useful de�nitions.

For any n-pro�le π, let h1(π) denote the unique real number x greater
than or equal to π1 such that

∑
i∈[n] max(0, x − πi) = C(π), let f1(π) de-

note min(h1(π), µ(π)). Similarly, let h2(π) denote the unique real number x
less than or equal to πn such that

∑
i∈[n] max(0, πi − x) = C(π), and let f2(π)

denote max(h2(π), µ(π)). It is easy to argue that f1(π) = µ(π) if and only if
f2(π) = µ(π).

The reason that we introduce f1(π) and f2(π) is because it is possible that
h1(π) ≥ h2(π). For example, let π denote the pro�le (−2,−1, 0, 0, 1, 1). It is
straightforward to check that h1(π) = 0 and h2(π) = −1/4. However, for all `
belonging to {1, 2}, f`(π) = −1/6.

We de�ne mechanism M2 as follows: For any pro�le π, M2(π) is the 1-D
solution ((f1(π), 0), (f2(π), 0)).

We now show that mechanism M2 is constant-approximate and establish
properties to be used in Section 4.2 to prove that mechanism M4 is constant-
Lipschitz. Lemma 4.10, which proves that mechanism M4 is constant-Lipschitz,
also establishes that mechanism M2 is constant-Lipschitz.

We begin with the following lemma towards the goal of showing that mech-
anism M2 is constant-approximate.

Lemma 3.3. Let π be a pro�le and let σ denote M1(π). Then

σ1,1 ≤ f1(π) ≤ f2(π) ≤ σ2,1.

Proof. Immediate from the de�nitions. ut

The following lemma establishes that mechanismM2 is constant-approximate.

Lemma 3.4. Let π be an n-pro�le, let σ denote M2(π). Then C(π, σ) ≤ 3C(π).

Proof. Let X denote {i ∈ [n] | πi ≤ f1(π)}, Y denote {i ∈ [n] | πi ≥ f2(π)}, and
Z denote [n]\(X∪Y ). The de�nition of mechanismM2 implies

∑
i∈X d(πi, σ) ≤

C(π) and
∑
i∈Y d(πi, σ) ≤ C(π). Lemma 3.3 implies

∑
i∈Z d(πi, σ) ≤ C(π). The

claim of the lemma follows. ut

Again, given a trivial extension to the lower bound provided by [35], we
know that mechanism M2 cannot be constant-strategy proof because it is a 1-D
mechanism that attains a constant approximation ratio of optimal social cost.

We now move on to establish properties of mechanism M2 that are used for
analyzing its 2-D generalization, mechanism M4, in Section 4.2.
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We begin with some useful de�nitions. For any pro�le π, let ∆(π) denote
f2(π) − f1(π), the distance between the two facilities on the x-axis. For any
pro�le π such that ∆(π) > 0 and any i in [n], we de�ne w2(π, i) as

max(0,min(f2(π), πi)− f1(π))
∆(π)

and w1(π, i) as 1− w2(π, i). For any pro�le π such that ∆(π) > 0 and any ` in
{1, 2}, we de�ne w`(π) as

∑
1≤i≤n w`(π, i) and ψ`(π) as C(π)/w`(π).

Lemma 3.5. For any ` in {1, 2} and any pro�le π such that ∆(π) > 0, we have

w`(π) ≥ |S`(π)|/2.
Proof. Immediate from Lemmas 3.2 and 3.3. ut
Lemma 3.6. Let π be a pro�le such that ∆(π) > 0, let ` belong to {1, 2}, and
let σ denote M2(π). Then

w`(π) ≥ |S`(π, σ)|/2.
Proof. Observe that each agent in S`(π, σ) contributes at least 1/2 to w`(π). ut
Lemma 3.7. Let π be an n-pro�le such that ∆(π) > 0 and let ` belong to {1, 2}.
Then

|S`(π)|+ C(π)/∆(π) ≥ w`(π).
Proof. Below we address the case ` = 2. A similar argument holds for the case
` = 1.

Let σ denote M1(π) and let x denote (σ1,1 + σ2,1)/2. We have

C(π) ≥
∑

i∈[n]:πi≤x

max(0, πi − σ1,1)

≥
∑

i∈[n]:πi≤x

max(0, πi − f1(π))

≥
∑

i∈[n]:πi≤x

max(0,min(f2(π), πi)− f1(π))

= ∆(π)
∑

i∈[n]:πi≤x

w2(π, i).

Moreover,

|S2(π)| = |{i ∈ [n] | πi > x}| ≥
∑

i∈[n]:πi>x

w2(π, i).

Since w2(π) =
∑

1≤i≤n w2(π, i), we conclude that the claim of the lemma holds
for ` = 2. ut
Lemma 3.8. Let π be a pro�le such that ∆(π) > 0, let ` belong to {1, 2}, and
assume that ∆(π) ≥ 2ψ`(π). Then

w`(π) ≤ 2|S`(π)|.
Proof. The inequality ∆(π) ≥ 2ψ`(π) implies C(π)/∆(π) is at most w`(π)/2.
Hence the claim follows from Lemma 3.7. ut
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4 Facility Location in R2

We now move on to de�ning 2-D mechanisms, both of which are constant-
strategyproof and constant-approximate, one of which is also constant-Lipschitz.

4.1 Mechanism M3

Consider the following 2-D generalization of mechanism M1, which we refer to
as mechanism M3. Given a pro�le π, and letting σ denote M1(π), we de�ne

M3(π) = ((σ1,1, C(π)/|S1(π)|), (σ2,1, C(π)/|S2(π)|)).

In other words,M3 is the generalization ofM1 in which each facility is vertically
backed o� of the x-axis by a distance equal to the optimal social cost divided by
the number of agents served by that facility in M1.

5

The following lemma, which establishes that M3 is constant-approximate, is
straightforward to prove.

Lemma 4.1. For any pro�le π, we have C(π,M3(π)) ≤ 3C(π).

We now present a sequence of lemmas to be used to establish that M3 is
constant-strategyproof.

In Lemma 4.2, Lemma 4.3, and Lemma 4.4, let ε denote (2−
√
3)/3. For this

choice of ε, one may verify that ( 13 − ε)(1− 3ε) = 2ε.

Lemma 4.2. Let π be an n-pro�le, let i belong to [n], let x be a real number, let
π∗ denote subst(π, i, x), let τ denote M3(π), let τ

∗ denote M3(π
∗), let σ denote

((τ1,1, 0), (τ2,1, 0)), let σ
∗ denote ((τ∗1,1, 0), (τ

∗
2,1, 0)), and assume that d(πi, σ

∗) ≤
εd(πi, τ). Then C(π

∗) ≥ ( 13 − ε)C(π, τ).

Proof. We have

C(π∗) = C(π, σ∗) + d(x, σ∗)− d(πi, σ∗)
≥ C(π) + 0− εd(πi, τ)

≥ C(π, τ)

3
− εd(πi, τ)

≥
(
1

3
− ε
)
C(π, τ),

where the second inequality follows from Lemma 4.1. ut

Lemma 4.3. Let π be an n-pro�le, let i belong to [n], let x be a real number, let
π∗ denote subst(π, i, x), let τ denote M3(π), let τ

∗ denote M3(π
∗), let σ∗ denote

((τ∗1,1, 0), (τ
∗
2,1, 0)), let ` belong to {1, 2}, and assume that d(πi, σ

∗
` ) ≤ εd(πi, τ).

Then τ∗`,2 ≥ εd(πi, τ).
5 If π is trivial, then we set τ2,2 = 0.
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Proof. Let u be a bijection from [n] to [n] such that π∗u(j) = πj for all j in

[n] \ {i} and π∗u(i) = x, let J denote {j ∈ [n] | u(j) ∈ S`(π∗, σ∗)}, let A denote

{j ∈ J | d(π∗u(j), σ
∗) ≤ 2εd(πi, τ)}, and let B denote J \A.

For any j in A, we claim that d(πj , τ) ≥ (1 − 3ε)d(πi, τ). If i = j, the
claim holds trivially. Suppose i 6= j. Since |σ∗` − πi| = d(πi, σ

∗
` ) ≤ εd(πi, τ) and

|σ∗` − π∗u(j)| = |σ
∗
` − πj | ≤ 2εd(πi, τ), the triangle inequality implies |πi − πj | ≤

3εd(πi, τ). Since d(πj , τ) is at least d(πi, τ)− |πi − πj |, the claim follows.

The preceding claim implies C(π, τ) ≥
∑
j∈A d(πj , τ) ≥ (1− 3ε)|A| · d(πi, τ).

Since d(πi, σ
∗) ≤ d(πi, σ∗` ) ≤ εd(πi, τ), Lemma 4.2 implies

C(π∗) ≥
(
1

3
− ε
)
(1− 3ε)|A| · d(πi, τ).

The de�nition of B implies d(π∗u(j), σ
∗) ≥ 2εd(πi, τ) for all j in B and hence

C(π∗) ≥
∑
j∈B d(π

∗
u(j), σ

∗) ≥ 2ε|B| · d(πi, τ). Thus

C(π∗) ≥ max

[(
1

3
− ε
)
(1− 3ε)|A|, 2ε|B|

]
d(πi, τ).

Recall that ( 13 − ε)(1− 3ε) = 2ε. Thus

C(π∗) ≥ 2εmax(|A|, |B|)d(πi, τ) ≥ ε|J | · d(πi, τ)

and hence τ∗`,2 = C(π∗)/|J | ≥ εd(πi, τ). ut

Lemma 4.4. Mechanism M3 is 1
ε -strategyproof.

Proof. Let π be an n-pro�le, let i belong to [n], let x be a real number, let
π∗ denote subst(π, i, x), let τ denote M3(π), let τ

∗ denote M3(π
∗), and let σ∗

denote ((τ∗1,1, 0), (τ
∗
2,1, 0)). We need to prove that εd(πi, τ) ≤ d(πi, τ

∗). Assume
for the sake of contradiction that d(πi, τ

∗) < εd(πi, τ) and let ` be an element
of {1, 2} such that i belongs to S`(π, τ

∗). Then

d(πi, σ
∗
` ) ≤ d(πi, τ∗` ) = d(πi, τ

∗) < εd(πi, τ)

and hence Lemma 4.3 implies τ∗`,2 ≥ εd(πi, τ). It follows that d(πi, τ∗) ≥ εd(πi, τ),
a contradiction. ut

Theorem 1. MechanismM3 is constant-approximate and constant-strategyproof.

Proof. The theorem follows immediately from Lemma 4.1 and Lemma 4.4. ut

The proof of Lemma 3.1 can be easily adapted to show that M3 is neither
strategyproof nor constant-Lipschitz.
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4.2 Mechanism M4

Our �nal mechanism, M4, is a 2-D generalization of mechanism M2. In order to
de�ne M4, we �rst introduce the following de�nitions for any pro�le π and any
` in {1, 2}: ξ`(π) denotes 0 if ∆(π) = 0 and min(∆(π), 2ψ`(π)) otherwise; ϕ`(π)
denotes max(8C(π)/n, ξ`(π)).

Given a pro�le π, and letting σ denoteM2(π), we de�neM4(π) as the solution
τ such that τ`,1 = σ`,1 and τ`,2 = ϕ`(π) for all ` in {1, 2}.

Lemma 4.5. For any n-pro�le π, we have C(π,M4(π)) ≤ 15C(π).

Proof. Let σ denote M2(π). Observe that

C(π,M4(π)) ≤ C(π, σ) +
∑

`∈{1,2}

ϕ`(π)|S`(π, σ)|. (1)

Since C(π, σ) ≤ 3C(π) by Lemma 3.4, it is su�cient to prove that the sum in
Equation (1) is at most 12C(π). If ∆(π) = 0, then ϕ`(π) = 8C(π)/n for all ` in
{1, 2} and hence this sum is equal to 8C(π).

For the remainder of the proof, assume that ∆(π) > 0. For any ` in {1, 2},
we have

ϕ`(π)|S`(π, σ)| ≤ max(8C(π)/n, 2ψ`(π))|S`(π, σ)|
≤ max(8C(π)/n, 4C(π)/|S`(π, σ)|)|S`(π, σ)|
= max(8C(π)|S`(π, σ)|/n, 4C(π)),

where the �rst inequality follows from the de�nition of ϕ`(π) and the second
inequality follows from Lemma 3.6. Thus the sum in Equation (1) is at most
12C(π). ut

We next de�ne a core lemma which we will use to relate the constant-
strategyproofness of mechanism M3 to that of mechanism M4.

Lemma 4.6. Let M and M∗ be mechanisms, let a1 and a2 be positive real num-
bers such that a1d(x,M(π)) ≤ d(x,M∗(π)) ≤ a2d(x,M(π)) for all pro�les π and
all real numbers x, and assume that M is λ-strategyproof. Then M∗ is λa2/a1-
strategyproof.

Proof. Let π be an n-pro�le, let i belong to [n], let x be a real number, and let
π∗ denote subst(π, i, x). We have

d(πi,M
∗(π)) ≤ a2 · d(πi,M(π))

≤ λa2 · d(πi,M(π∗))

≤ (λa2/a1)d(πi,M
∗(π∗)).

ut
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We next show that mechanism M4 is constant-strategyproof. The following
simple fact is used in the proof of Lemma 4.7 below.

Fact 2 Let p and q be two points such that p2 and q2 are positive and let z be a
real number such that |p1 − q1| ≤ z. Then

min

(
1,

p2
q2 + z

)
≤ d(x, p)

d(x, q)
≤ max

(
1,
p2 + z

q2

)
for all real numbers x.

Lemma 4.7. Mechanism M4 is constant-strategyproof.

Proof. Since mechanism M3 is constant-strategyproof, Lemma 4.6 implies it is
su�cient to exhibit positive real numbers a1 and a2 such that, for all pro�les π
and all real numbers x, a1d(x,M3(π)) ≤ d(x,M4(π)) ≤ a2d(x,M3(π)).

Let π be an n-pro�le, let x be a real number, let σ denoteM1(π), let σ
∗ denote

M2(π), let τ denote M3(π), let τ
∗ denote M4(π), and let s` denote |S`(π)| for

all ` in {1, 2}. Thus τ`,2 = C(π)/s`.
If C(π) = 0, it is easy to see that τ∗ = τ and hence d(x, τ∗) = d(x, τ). For

the remainder of the proof, we assume that C(π) > 0. It follows that τ`,2, τ
∗
`,2,

and s` are positive for all ` in {1, 2}. We assume without loss of generality that
s1 ≥ n/2; the case s2 ≥ n/2 is symmetric.

We claim that τ∗1,2 = 8C(π)/n. If ∆(π) ≤ 8C(π)/n, the claim is immediate
from the de�nition of mechanism M4. Otherwise, ∆(π) > 0 and since s1 ≥ n/2,
Lemma 3.5 implies w1(π) ≥ n/4, which in turn implies 2ψ1(π) ≤ 8C(π)/n, so
the claim is once again immediate from the de�nition of mechanism M4.

We claim that |σ∗`,1−σ`,1| ≤ 2C(π)/s` for all ` in {1, 2}. We prove this claim
for the case ` = 1; the case ` = 2 is symmetric. By Lemma 3.3, we need to prove
that σ∗1,1 ≤ z where z denotes σ1,1+2C(π)/s1. By Lemma 3.2, there are at least
s1/2 agents at or to the left of σ1,1. Thus

∑
i∈[n]:πi≤z z − πi is at least C(π).

Hence the de�nition of mechanism M2 implies σ∗1,1 ≤ z, as required.
Given that n/2 ≤ s1 ≤ n and using Fact 2 with p2 equal to 8C(π)/n, q2

equal to C(π)/s1, and z equal to 2C(π)/s1, we have

d(x, τ∗1 )

d(x, τ1)
≤ max

(
1, max
n/2≤s1≤n

8C(π)/n+ 2C(π)/s1
C(π)/s1

)
= max(1, max

n/2≤s1≤n
8s1/n+ 2)

= 10.

We can use Fact 2 in a similar manner to derive a lower bound of 1 for the ratio
d(x, τ∗1 )/d(x, τ1). In summary, we have

1 ≤ d(x, τ∗1 )/d(x, τ1) ≤ 10. (2)

Case 1: ∆(π) ≥ 2ψ2(π). Lemmas 3.5 and 3.8 imply w2(π)/2 ≤ s2 ≤ 2w2(π).
Since |σ∗2,1 − σ2,1| ≤ 2C(π)/s2, we deduce that |σ∗2,1 − σ2,1| ≤ 4ψ2(π). Below we
use two subcases to establish that

1/3 ≤ d(x, τ∗2 )/d(x, τ2) ≤ 12. (3)
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Equations (2) and (3) together imply 1/3 ≤ d(x, τ∗)/d(x, τ) ≤ 12.
Case 1.1: w2(π) ≥ n/4. Thus τ∗2,2 = 8C(π)/n and n/8 ≤ s2 ≤ n/2. Hence

2C(π)/n ≤ τ2,2 ≤ 8C(π)/n and |σ∗2,1 − σ2,1| ≤ 16C(π)/n. Using Fact 2 with p2
equal to 8C(π)/n, q2 between 2C(π)/n and 8C(π)/n, and z equal to 16C(π)/n,
we �nd that Equation (3) holds.

Case 1.2: w2(π) ≤ n/4. Thus τ∗2,2 = 2ψ2(π). Since w2(π)/2 ≤ s2 ≤ 2w2(π), we
have ψ2(π)/2 ≤ τ2,2 ≤ 2ψ2(π). Using Fact 2 with p2 equal to 2ψ2(π), q2 between
ψ2(π)/2 and 2ψ2(π), and z equal to 4ψ2(π), we again �nd that Equation (3)
holds.

Case 2: 8C(π)/n ≤ ∆(π) ≤ 2ψ2(π). Thus τ
∗
2,2 = ∆(π). Since τ∗1,2 = 8C(π)/n,

we have d(x, τ∗1 ) ≤ 2d(x, τ∗2 ). Thus

d(x, τ∗) = min(d(x, τ∗1 ), d(x, τ
∗
2 ))

≥ min(d(x, τ∗1 ), d(x, τ
∗
1 )/2)

= d(x, τ∗1 )/2

≥ d(x, τ1)/2
≥ d(x, τ)/2,

where the second inequality follows from Equation (2).
Recall that w2(π) ≥ s2/2. Thus the case condition implies τ∗2,2 ≤ 4C(π)/s2.

Recall that |σ∗2,1−σ2,1| ≤ 2C(π)/s2. Using Fact 2 with p2 equal to 4C(π)/s2, q2
equal to C(π)/s2, and z equal to 2C(π)/s2, we �nd that

d(x, τ∗2 )

d(x, τ2)
≤ 6. (4)

Thus

d(x, τ∗) = min(d(x, τ∗1 ), d(x, τ
∗
2 ))

≤ min(10d(x, τ1), 6d(x, τ2))

≤ 10min(d(x, τ1), d(x, τ2))

= 10d(x, τ),

where the �rst inequality follows from Equations (2) and (4).
Case 3: ∆(π) ≤ 8C(π)/n. Thus τ∗2,2 = 8C(π)/n and since τ∗1,2 = 8C(π)/n,

we have d(x, τ∗1 ) ≤ 2d(x, τ∗2 ). As in Case 2, we deduce that d(x, τ∗) ≥ d(x, τ)/2.
Recall that |σ∗2,1 − σ2,1| ≤ 2C(π)/s2. Given that 1 ≤ s2 ≤ n/2 and using

Fact 2 with p2 equal to 8C(π)/n, q2 equal to C(π)/s2, and z equal to 2C(π)/s2,
we �nd that Equation (4) holds as in Case 2. The rest of the argument proceeds
as in Case 2. ut

The remainder of this section is devoted to establishing that mechanismM4 is
constant-Lipschitz. The plan is to argue Lipschitz-type bounds for the functions
f`(π) and ϕ`(π) that de�ne the four components of the solution produced byM4.
These functions are de�ned in terms of a number of simpler auxiliary functions;
the latter functions are the focus of much of our analysis in Appendix B. Since
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the functions that we are studying all map a given π in Rn to R, a natural
approach to deriving Lipschitz-type bounds is to study the magnitude of the
gradient. Instead of directly reasoning about the gradient, we �nd it convenient
to �x all components except component k of a given pro�le π, and then study
the magnitude of the derivative as πk varies over I∗ = interval(π, k).

A technical obstacle that we need to overcome is that most of the functions
we study are not di�erentiable over all of I∗; rather, they are piecewise di�eren-
tiable. In Appendix B.1, we break I∗ into a �nite set of pieces, each of which is
a closed interval, such that all of the functions of interest are di�erentiable over
the interior of each piece. In Appendix B.2, we use calculus to bound the mag-
nitude of the derivative of each of these functions over the interior of each piece.
Combining these bounds with some basic results presented in Appendix A, we
obtain our main technical lemma, Lemma B.14, which implies that the functions
f`(π) and ϕ`(π) are constant-Lipschitz over each piece.

The main result of Appendix B, Lemma B.4, follows easily from Lemma B.14
along with Fact 3 from Appendix A; this lemma states that the functions f`(π)
and ϕ`(π) are constant-Lipschitz over I

∗. With Lemma B.4 in hand, we easily ob-
tain Lemma 4.8 below, which provides a Lipschitz-type bound for mechanismM4

when a pro�le π is changed to another pro�le in Γ (π). We then use Lemma 4.8
to obtain the desired constant-Lipschitz bound for M4 (see Lemma 4.10 below).

Lemma 4.8. There exists a positive constant κ such that for any pro�le π and
any pro�le π∗ in Γ (π), we have

‖M4(π
∗)−M4(π)‖1 ≤ κ · ‖π∗ − π‖1.

Proof. Immediate from Lemma B.4. ut

Lemma 4.9. Let π and π∗ be distinct n-pro�les. Then there exists an i in [n]
such that πi 6= π∗i and π∗i belongs to interval(π, i).

Proof. If there exists a j in [n] such that πj < π∗j , then we can take i to be the
maximum such j. Otherwise, we can take i to be the minimum j in [n] such that
πj > π∗j . ut

We �nally state our lemma that mechanism M4 is constant-Lipschitz as fol-
lows.

Lemma 4.10. Let κ denote the Lipschitz constant of Lemma 4.8. Then for any
n-pro�les π and π∗, we have

‖M4(π
∗)−M4(π)‖1 ≤ κ · ‖π∗ − π‖1.

Proof. Let π and π∗ be n-pro�les and let s denote |{i ∈ [n] | πi 6= π∗i }|. By
applying Lemma 4.9 s times, we �nd that there exists a sequence of n-pro�les
π(0), . . . , π(s) such that π(0) = π, π(s) = π∗, and π(i) belongs to Γ (π(i−1)) for all
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i in [s]. Thus

‖M4(π
∗)−M4(π)‖1 ≤

∑
i∈[s]

‖M4(π
(i))−M4(π

(i−1))‖1

≤ κ
∑
i∈[s]

‖π(i) − π(i−1)‖1

= κ · ‖π∗ − π‖1,

where the second inequality follows from Lemma 4.8. ut

Theorem 2. Mechanism M4 is constant-approximate, constant-strategyproof,
and constant-Lipschitz.

Proof. The theorem follows immediately from Lemma 4.5, Lemma 4.7, and
Lemma 4.10. ut

5 Concluding Remarks

Our work shows that constant-strategyproof and constant-Lipschitz mechanisms
can provide good truthfulness and stability guarantees without su�ering signi�-
cant loss of e�ciency. For example, consider the stark di�erence between a Θ(n)
approximation ratio of optimal social cost for strategyproof mechanisms and a
constant approximation ratio of optimal social cost for constant-strategyproof
mechanisms. Our positive results suggest that these properties are deserving of
further study for the facility location problem and other problems in mechanism
design.

There are many interesting directions in which our work can be generalized.
Most pressingly, we are eager to see whether our methods can be generalized
to facility location in other metric spaces. In particular, we conjecture that it
is possible to design constant-strategy proof mechanisms for facility location
with both preferences and facilities in Rd. Beyond this, there are other natural
directions for generalizing our results such as allowing for more than two facilities
or considering di�erent cost functions for individual agent or social costs [15,29].

There are also numerous other properties which are of interest. For ex-
ample, future work could integrate recent fairness results for facility location
[25,26,38,49] with constant-strategyproof and constant-Lipschitz mechanisms.
Additionally, our results implicitly reveal a tradeo� between the approximation
ratio and the relaxation of strategyproofness, governed by the choice of vertical
o�set from the line. It would be interesting to more precisely characterize this
tradeo�.

The integration of theoretical results with practical, real-world, considera-
tions is another potentially fruitful direction for future research. Examples of
work in this vein include [7] which studies the e�ective use on individual mobil-
ity pattern data for facility location and [2,24,34] which study �obvious� strat-
egyproofness. Ultimately, facility location is a theoretical problem with deep
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practical motivations. Any work that attempts to narrow the gap between the-
ory and implementation could be valuable both for embedding better theoretical
guarantees into practical implementations and for informing which problems and
relaxations are most deserving of theoretical study.
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A Some Results for Establishing Lipschitz-Type Bounds

In this appendix we state and prove some useful results for deriving Lipschitz-
type bounds. For any nonempty closed interval I of the real line, we write I(I)
to denote the largest open interval contained in I.
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Fact 3 Let I be a closed interval, let u : I → R be a function over I, and let
I1, . . . , Is be a �nite collection of closed subintervals of I such that I = ∪i∈[s]Ii.
Further assume that u is κ-Lipschitz over Ii for all i in [s]. Then u is κ-Lipschitz
over I.

Fact 4 Let I be a closed interval and let the function u : I → R be continuous
over I and di�erentiable over I(I) with |u′(x)| ≤ κ for all x in I(I). Then u is
κ-Lipschitz over I.

Fact 5 Let I be a closed interval and let the functions u : I → R and v :
I → R be κ1-Lipschitz and κ2-Lipschitz, respectively, over I. Then the functions
max(u, v) and min(u, v) are each max(κ1, κ2)-Lipschitz over I.

Lemma A.1. Let I be a closed interval and let the functions u : I → R and
v : I → R be continuous over I and di�erentiable over I(I). Further assume
that (1) |u′(x)| ≤ κ1 for all x in I(I) and (2) |v′(x)| ≤ κ2 for all x in I(I) such
that u(x) ≥ v(x). Then min(u(x), v(x)) is max(κ1, κ2)-Lipschitz over I.

Proof. Let a and b be distinct elements of I with a < b. Let κ denote max(κ1, κ2)
and let t(x) denote the function min(u(x), v(x)). We need to prove that |t(b)−
t(a)| ≤ κ(b − a). Let X denote {x ∈ [a, b] | u(x) ≤ v(x)}. If X is empty, it
follows from Fact 4 that t(x) is κ2-Lipschitz over [a, b] and hence |t(b)− t(a)| ≤
κ2(b− a) ≤ κ(b− a).

Now assume thatX is nonempty. Let a∗ (resp., b∗) denote the in�mum (resp.,
supremum) of the set X. We have

|t(b)− t(a)| = |t(a∗)− t(a)|+ |t(b∗)− t(a∗)|+ |t(b)− t(b∗)|
= |t(a∗)− t(a)|+ |u(b∗)− u(a∗)|+ |t(b)− t(b∗)|
≤ κ2(a∗ − a) + κ1(b

∗ − a∗) + κ2(b− b∗)
≤ κ(b− a),

where the �rst inequality holds because Fact 4 implies that u(x) is κ1-Lipschitz
over [a∗, b∗] and t(x) is κ2-Lipschitz over intervals [a, a

∗] and [b∗, b]. ut

B Towards Lipschitz Continuity of Mechanism M4

Throughout this appendix, let π∗ be an n-pro�le, let k belong to [n], let I∗

denote interval(π∗, k), and let π be the same as π∗ except that we regard πk
as a variable with domain I∗. Thus, as πk varies over I∗, π varies over the set
of n-pro�les such that πi = π∗i for all i in [n] − k. The goal of this section is
to establish that f`(π) and ϕ`(π) (which are functions of the lone variable πk
with domain I∗) are constant-Lipschitz for all ` in {1, 2}; see Lemma B.4 below.
This claim holds trivially if I∗ = {π∗k}, so for the remainder of this appendix,
we assume that I∗ properly contains {π∗k}.

As in Appendix A, for any nonempty closed interval I of the real line, we
write I(I) to denote the largest open interval contained in I. We de�ne a knot
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as a real number in I(I∗). For any �nite set of knots K = {x1, . . . , xs} where
x1 < · · · < xs, we de�ne cells(K) as the set of closed intervals, which we call
cells, de�ned as follows. If K is empty, then cells(K) contains only the closed
interval I∗. Otherwise, cells(K) contains the following s+1 closed intervals: the
interval consisting of all real numbers in I∗ less than or equal to x1; the closed
interval [xi, xi+1] for each i in [s− 1]; the interval consisting of all real numbers
in I∗ greater than or equal to xs.

The remainder of Appendix B is organized as follows. Appendix B.1 de�nes
a set of knots K6 for partitioning the interval I∗ so that various functions are
well-behaved (e.g., di�erentiable) throughout the interior of each of the resulting
cells. Appendix B.2 establishes Lipschitz-type bounds for various functions over
a single such cell.

B.1 Identifying a Suitable Set of Knots

For each i in [n − 1], there is a unique largest open interval Ii in I
∗ such that

i belongs to active(π) for all πk in Ii. We de�ne the set of knots K1 to include
any endpoint of such a nonempty interval Ii that is not an endpoint of I∗.

For any i in [n−1], we say that solution cand(π, i) is stationary if k does not
belong to {di/2e, d(n + i)/2e} and is non-stationary otherwise. In this section,
we do not need to concern ourselves with solution cand(π, n) because pro�le π
is nontrivial for all πk in I(I∗).

It is easy to see that P1(K1) holds, where the predicate P1(K) is de�ned
below for any set of knots K.

P1(K): For any cell X in cells(K), there is a subset S of [n − 1] such that
active(π) = S for all πk in I(X). Moreover, for any i in S, C(π, cand(π, i)) is an
a�ne function of πk over X, where the slope belongs to {−1, 1} (resp., {−1, 0})
if cand(π, i) is stationary (resp., non-stationary).

Consider how index(π) can change as πk increases across a cell in cells(K1).
Since P1(K1) holds, each time index(π) changes, the slope of the associated cost
function decreases. Since the slope belongs to {−1, 0, 1}, there are at most two
such transitions per cell. We construct the set of knots K2 by starting with K1

and adding at most two knots per cell in cells(K1) at such transitions. It is easy
to see that ∧1≤i≤2Pi(K2) holds, where the predicate P2(K) is de�ned below for
any set of knots K.

P2(K): For any cell X in cells(K), index(π) is the same for all πk in I(X).
Moreover, the number of agents served by the left (resp., right) facility under
canonical(π) remains the same for all πk in I(X).

For any �nite set of knots K containing K2, a cell X in cells(K) is said to
be increasing-cost (resp., decreasing-cost, constant-cost) if C ′(π) = 1 (resp, −1,
0) for all πk in I(X).

Lemma B.1. Let X be a cell in cells(K2). Then the function πk − h1(π) is
nondecreasing over X.

Proof. Let x(1) and x(2) be distinct values in X. Assume that x(1) < x(2) and
let ε denote x(2) − x(1). For each i in {1, 2}, let π(i) denote the pro�le π∗ with
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component π∗k replaced by x(i). Let x denote h1(π
(1))+ε. We need to prove that

h1(π
(2)) ≤ x.
Let s denote the maximum index in [n] such that π

(1)
s ≤ h1(π

(1)). (Such

an index exists since π
(1)
1 ≤ h1(π

(1)).) We have (1) π
(1)
i ≤ h1(π

(1)) for all i

in [s], (2) π
(2)
i = π

(1)
i for all i in [s] − k, (3) π

(2)
k = π

(1)
k + ε. Let z denote∑

i∈[n] max(0, x − π(2)
i ). We need to prove that z ≥ C(π(2)). Observe that z ≥

C(π(1)) + (s− 1k≤s)ε. We consider two cases.

Case 1: k > 1 or s > 1. In this case, z ≥ C(π(1))+ε. Since Lemma 2.3 implies
C(π(2)) ≤ C(π(1)) + ε, we conclude that z ≥ C(π(2)), as required.

Case 2: k = s = 1. In this case, z ≥ C(π(1)) + ε − ε = C(π(1)) and so it is
su�cient to prove that C(π(1)) ≥ C(π(2)). Observe that C(π(1)) = h1(π

(1))−x(1)
and index(π) = 1 throughout cell X. Since k = 1, solution cand(π, 1) is non-
stationary and hence cell X is either decreasing-cost or constant-cost (in fact,
cell X is constant-cost, but we won't need to argue that here), ensuring that
C(π(1)) ≥ C(π(2)), as required. ut

Lemma B.1 implies that as πk increases across a given cell in cells(K2), there
is at most one value where a transition occurs from πk ≤ h1(π) to πk > h1(π).
Let K3 denote the set of knots obtained by starting with K2 and adding a knot
at each such transition value. It is easy to see that ∧1≤i≤3Pi(K3) holds, where
the predicate P3(K) is de�ned below for any set of knots K.

P3(K): For any cell X in cells(K), either (1) πk ≤ h1(π) for all πk in I(X)
or (2) πk > h1(π) for all πk in I(X).

For any �nite set of knots K containing K3, a cell X in cells(K) is said to
be left-sided (resp., right-sided) if πk ≤ h1(π) (resp., πk > h1(π)) for all πk in
I(X).

For any �nite set of knots K containing K3, a cell X in cells(K) is said to
be h1-increasing (resp., h1-decreasing, h1-constant) if h1 is strictly increasing
(resp., strictly decreasing, constant) over X.

Lemma B.2. Let K be a �nite set of knots that includes K3 and let X be a cell
in cells(K). Then cell X is h1-increasing, h1-decreasing, or h1-constant.

Proof. The following claims are straightforward to prove: if X is either (1)
increasing-cost or (2) constant-cost and left-sided, then X is h1-increasing; if
X is decreasing-cost and right-sided, then X is h1-decreasing; otherwise, X is
h1-constant. ut

For any h1-increasing or h1-decreasing cell X in cells(K3) and any i in [n]−k,
there can be at most one value of πk in I(X) where h1(π) = πi. We construct
the set of knots K4 by starting with K3 and adding at most one knot per cell in
cells(K3) corresponding to such a value.

Lemma B.3. Let π be an n-pro�le and let X be a cell in cells(K4). Then
h1(π) < πn for all πk in I(X).



22 Fullerton, Hu, and Plaxton

Proof. It is easy to argue that h1(π) ≤ πn for all πk in X. Suppose that h1(π) =
πn for some πk in I(X). The de�nition of K4 implies k = n. Since P3(K4) holds,
we deduce that h1(π) = πn for all πk in I(X). It follows that X is h1-increasing
and h′1(π) = 1 for all πk in I(X). Hence n = 2. But then C(π) = 0 for all πk in
X and hence h1(π) = π1, a contradiction. ut

Using Lemma B.3, it is easy to see that ∧1≤i≤4Pi(K4) holds, where the
predicate P4(K) is de�ned below for any set of knots K.

P4(K): For any h1-increasing or h1-decreasing cell X in cells(K), we have: (1)
there is a unique index i in [n−1] such that πi ≤ h1(π) < πi+1 holds for all πk in
I(X); (2) h1(π) is an a�ne function of πk throughout cell X. Moreover, the slope
of this a�ne function is determined by the associated index i as follows: if X is
h1-increasing and left-sided then it is either increasing-cost and the slope is 2/i
where i ≥ 2, or it is constant-cost and the slope is 1/i; if X is h1-increasing and
right-sided then it is increasing-cost and the slope is 1/i; if X is h1-decreasing
then it is right-sided and decreasing-cost and the slope is −1/i.

Thus far we have focused on the function h1. We can introduce knots for h2
by establishing lemmas for h2 analogous to Lemmas B.1, B.2, and B.3 for h1,
and by introducing predicates P ∗3 (K) and P ∗4 (K) for h2 analogous to predicates
P3(K) and P4(K) for h1. We de�ne the set of knots K5 as K4 plus the knots
associated with h2. It is easy to see that [∧1≤i≤4Pi(K5)] ∧ P ∗3 (K5) ∧ P ∗4 (K5)
holds.

For any cell X in cells(K5), there is at most one value of πk in I(X) such
that h1(π) = µ(π) (and hence also h2(π) = µ(π)); the reason is that µ′(π),
which is 1/n, can never match the slope of h1(π) by P4(K5). We obtain the set
of knots K6 by starting with K5 and adding a knot at any such value. These
knots ensure that for each resulting cell X in cells(K6), either (1) ∆(π) = 0 for
all πk in I(X) or (2) ∆(π) > 0 for all πk in I(X). We say that a cell satisfying
(1) is zero-gap and a cell satisfying (2) is positive-gap. It is easy to see that
[∧1≤i≤4Pi(K6)] ∧ P ∗3 (K6) ∧ P ∗4 (K6) holds.

We now state the main lemma of Appendix B. The proof makes use of
Lemma B.14, which is proven in Appendix B.2.

Lemma B.4. Let ` belong to {1, 2}. Then f`(π) and ϕ`(π) are each constant-
Lipschitz over I∗.

Proof. Lemma B.14 implies the existence of a constant κ such that f`(π) and
ϕ`(π) are κ-Lipschitz over all cells in cells(K6). Since the union of the cells in
cells(K6) is I∗ and each pair of successive cells cells(K6) overlap at a knot in
K6, it is straightforward to prove that f`(π) and ϕ`(π) are each κ-Lipschitz over
I∗ using Fact 3. ut

B.2 Lipschitz Bounds for a Single Cell

Let X be a cell in cells(K6). Since P2(K6) holds, index(π) is the same for all
πk in I(X) and the number of agents served by the left (resp., right) facility
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under canonical(π) is the same for all πk in I(X). Throughout the remainder of
Appendix B.2, let s1 (resp., s2) denote the number of agents served by the left
(resp., right) facility under canonical(π).

It is easy to see that µ′(π) = 1/n for all πk in X and that µ(π) is 1
n -Lipschitz

over X. Since P1(K6) holds, we have |C ′(π)| ≤ 1 for all πk in I(X).
Using Lemmas 3.3 and B.2 and the fact that P4(K6) holds, we �nd that

|h′1(π)| = O(1/s1) for all πk in I(X). An analogous argument establishes that
|h′2(π)| = O(1/s2) for all πk in I(X). It follows from Fact 4 that h`(π) is O(1/s`)-
Lipschitz over X for all ` in {1, 2}.

Lemma B.5. Let ` belong to {1, 2}. If X is zero-gap, then f`(π) and ϕ`(π) are
each O(1/n)-Lipschitz over X.

Proof. Since X is zero-gap, we have f`(π) = µ(π) over X. Since µ′(π) = 1/n, we
conclude from Fact 4 that f`(π) is

1
n -Lipschitz over X.

Since X is zero-gap, we have ξ`(π) = 0 and ϕ`(π) = 8C(π)/n for all πk in
X. It follows from Lemma 2.3 that ϕ`(π) is O(1/n)-Lipschitz over X. ut

Lemma B.6. Let ` belong to {1, 2} and assume that X is positive-gap. Then
|f ′`(π)| = O(1/s`) for all πk in I(X) and f`(π) is O(1/s`)-Lipschitz over X.

Proof. Since X is positive-gap, f`(π) = h`(π) over I(X). ut

Lemma B.7. Let ` belong to {1, 2} and assume that X is positive-gap. Then
|∆′(π)| = O(1/min(s1, s2)) for all πk in I(X).

Proof. Immediate from Lemma B.6. ut

Lemma B.8. Let ` belong to {1, 2}. Assume that X is positive-gap and that
s` ≥ n/2. Then ϕ`(π) is O(1/n)-Lipschitz over X.

Proof. Since s` ≥ n/2, Lemma 3.5 implies w`(π) ≥ n/4 for all πk in I(X). Thus
ξ`(π) ≤ 8C(π)/n and hence ϕ`(π) = 8C(π)/n for all πk in I(X). It follows from
Lemma 2.3 that ϕ`(π) is O(1/n)-Lipschitz over X. ut

Before stating the next lemma, we introduce a couple of useful de�nitions.
Since P4(K6) holds, there is a subset A of [n] such that {i ∈ [n] | πi < f1(π)} = A
for all πk in I(X). Likewise, since P ∗4 (K6) holds, there is a subset B of [n] such
that {i ∈ [n] | πi > f2(π)} = B for all πk in I(X). It follows that for all i in
[n] \ (A ∪B), we have f1(π) ≤ πi ≤ f2(π) for all πk in I(X).

Lemma B.9. Let i belong to [n] and let ` belong to {1, 2}. Assume that X is
positive-gap and s` ≤ n/2. If i belongs to A ∪ B, then w′`,i(π) = 0 for all πk in
I(X). Otherwise,

|w′`,i(π)| ≤
1i=k +O(1/n) + w`(π, i) ·O(1/s`)

∆(π)

for all πk in I(X).
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Proof. If i belongs to A ∪ B, it is straightforward to verify that w′`,i(π) = 0 for
all πk in I(X). For the rest of the proof, assume that i belongs to [n] \ (A∪B).
As discussed above, this means that f1(π) ≤ πi ≤ f2(π) for all πk in I(X).

We address the case ` = 2; the case ` = 1 is symmetric. Since ` = 2, we have
s1 ≥ n/2. Hence Lemma B.6 implies |f ′1(π)| = O(1/n). Using Lemma B.7, we
�nd that

|w′2,i(π)| ≤
1i=k +O(1/n)

∆(π)
+
πi − f1(π)
∆(π)

· O(1/s2)

∆(π)

≤ 1i=k +O(1/n) + w2(π, i) ·O(1/s2)

∆(π)

for all πk in I(X), as required. ut

Lemma B.10. Let ` belong to {1, 2}. Assume that X is positive-gap and that

s` ≤ n/2. Then |w′`(π)| is O( w`(π)
s`∆(π) ) for all πk in I(X).

Proof. Summing the bound of Lemma B.9 over all i in [n], we obtain

|w′`(π)| = O(1/∆(π)) +O

(
1

s`∆(π)

)
·
∑
i∈[n]

w`(π, i)

= O(1/∆(π)) +O

(
w`(π)

s`∆(π)

)
= O

(
w`(π)

s`∆(π)

)
for all πk in I(X), where the last equation follows from Lemma 3.5. ut

Lemma B.11. Let ` belong to {1, 2}. Assume that X is positive-gap and that
s` ≤ n/2. Then |ψ′`(π)| is O(1 + ψ`(π)/∆(π))/s` for all πk in I(X).

Proof. Since C(π) and w`(π) are each di�erentiable for all πk in I(X), ψ`(π) is
also di�erentiable for all πk in I(X). Moreover, for all πk in I(X), we have

|ψ′`(π)| ≤
|C ′(π)|
w`(π)

+
C(π)w′`(π)

w`(π)2

≤ 1

w`(π)
+O

(
ψ`(π)

s`∆(π)

)
= O(1 + ψ`(π)/∆(π)/s`,

where the second inequality follows from |C ′(π)| ≤ 1 and Lemma B.10, and the
last step follows from Lemma 3.5. ut

Lemma B.12. Let ` belong to {1, 2}. Assume that X is positive-gap and that
s` ≤ n/2. Then ξ`(π) is O(1/s`)-Lipschitz over X.
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Proof. By Lemma B.7, we know that |∆′(π)| is O(1/s`) for all πk in I(X). By
Lemma B.11, we know that |ψ′`(π)| is O(1/s`) for all πk in I(X) such that
∆(π) ≥ 2ψ`(π). Applying Lemma A.1 with ∆(π) and 2ψ`(π) playing the roles of
the functions u and v, respectively, we �nd that the claim of the lemma holds.

ut

Lemma B.13. Let ` belong to {1, 2}. Assume that X is positive-gap and that
s` ≤ n/2. Then ϕ`(π) is O(1/s`)-Lipschitz over X.

Proof. It follows from Lemma 2.3 that C(π)/n is O(1/n)-Lipschitz over X. Thus
the claim of the lemma follows from Lemma B.12 and Fact 5. ut

Lemma B.14. Let ` belong to {1, 2}. Then f`(π) and ϕ`(π) are each O(1/s`)-
Lipschitz over X.

Proof. Immediate from Lemmas B.5, B.6, B.8, and B.13. ut
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