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Abstract. We study deterministic mechanisms for the two-facility loca-
tion problem. Given the reported locations of n agents on the real line,
such a mechanism specifies where to build the two facilities. The single-
facility variant of this problem admits a simple strategyproof mecha-
nism that minimizes social cost. For two facilities, however, it is known
that any strategyproof mechanism is {2(n)-approximate. We seek to cir-
cumvent this strong lower bound by relaxing the problem requirements.
Following other work in the facility location literature, we consider a re-
laxed form of strategyproofness in which no agent can lie and improve
their outcome by more than a constant factor. Because the aforemen-
tioned 2(n) lower bound generalizes easily to constant-strategyproof
mechanisms, we introduce a second relaxation: Allowing the facilities
(but not the agents) to be located in the plane. Our first main result
is a natural mechanism for this relaxation that is constant-approximate
and constant-strategyproof. A characteristic of this mechanism is that a
small change in the input profile can produce a large change in the so-
lution. Motivated by this observation, and also by results in the facility
reallocation literature, our second main result is a constant-approximate,
constant-strategyproof, and Lipschitz continuous mechanism.

Keywords: Facility Location Problem - Mechanism Design

1 Introduction

Facility location is a canonical problem in algorithmic game theory and mecha-
nism design. The typical problem formulation is that given a set of agent loca-
tions, a facility location mechanism determines a set of locations for the facilities.
Each agent then has a service cost given by the distance between their location
and their nearest facility. The social cost is defined as the sum of the agent ser-
vice costs. It is desirable for a mechanism to be efficient, that is, to minimize the
social cost (under the assumption of truthful reporting). To encourage truthful
reporting, it is desirable for a mechanism to be strategyproof, which means that
an agent cannot decrease their service cost by misreporting.

In this paper, we focus on deterministic mechanisms for the well-studied
setting in which the agents are located on the real line. While our focus is on the
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design of mechanisms for locating two facilities, it is useful to briefly comment
on the case of a single facility. As discussed by Procaccia and Tennenholtz [43],
it is easy to design a single-facility location mechanism that is efficient and
strategyproof; the idea is to place the facility at the median agent location when
the number of agents is odd and at either the left or right middle agent location
when the number of agents is even[l]

When the number of facilities is expanded to two, strategyproofness starts
to restrict the efficiency that a mechanism can provide. Lu et al. [36] show
that any strategyproof mechanism has {2(n) approximation ratio of the social
costE| In this paper, we seek to circumvent the 2(n) lower bound by relax-
ing the problem requirements. The first relaxation is to target an approximate
form of strategyproofness. In particular, we seek a mechanism that is constant-
strategyproof [41] instead of strategyproof. A constant-strategyproof mechanism
ensures that no agent can reduce their service distance by more than a multi-
plicative constant factor by misreporting. It is straightforward to generalize the
2(n) result of Lu et al. [36] to show that the same {2(n) lower bound holds
for constant-strategyproof mechanisms. Accordingly, we introduce a second re-
laxation: We allow the facilities to be located in the plane. This is a departure
from the prior work, where the agents and the facilities lie in the same metric
space [4I172432|[42|[A7I48|. Intuitively, this relaxation allows us to more easily
attain constant-strategyproofness at the expense of increasing our approximation
ratio of optimal social cost.

1.1 Owur Contributions

These relaxations enable our two main results. First, we present mechanism M3,
a natural mechanism that is constant-approximate (i.e., attains a constant ap-
proximation ratio of optimal social cost) and constant-strategyproof. Informally,
the mechanism starts with an optimal solution on the line and then moves each
facility away from the line by a distance inversely proportional to the number of
agents it serves. Intuitively, lifting facilities off the real line weakens the ability
of an agent to significantly reduce their own service cost through misreporting,
while still keeping the social cost within a constant factor of optimal. This tech-
nique is reminiscent of ‘money burning’ ideas that limit manipulation at the cost
of some efficiency to preserve truthful behavior. A characteristic of mechanism
M3 is that small changes in agent locations can cause unbounded changes in the
locations of facilities. To address this characteristic, we present mechanism My,

! More general results of Moulin [40] establish that for agent locations on the real
number line and single-peaked preferences, these are the only mechanisms for single-
facility location that are efficient and strategyproof.

2 The simple mechanism that locates the facilities at the leftmost and the rightmost
agents achieves O(n) approximation of the social cost, which indicates that the
2(n) bound is asymptotically tight [43]. In fact, Fotakis and Tzamos [2I] show
that the foregoing mechanism achieves the best possible approximation ratio for the
problem and is the only deterministic anonymous strategyproof mechanism with
approximation ratio bounded by a function of n.
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which is constant-approximate, constant-strategyproof, and constant-Lipschitz
(i.e., Lipschitz continuous with a constant Lipschitz factor).

1.2 Related Work

Facility location is a central problem in mechanism design without money. There
has been extensive research that studies facility location under various settings
such as fully general metric spaces [18138], strictly convex spaces [49], graph
metrics [II2JT3I19/45], and probabilistic metrics [3I33]. We highlight results that
are directly relevant to ours and defer the rest to a survey of the field [§].

Facility Location in Higher Dimensions One relevant line of investigation
is the study of facility location in higher dimensions [4[17/24/32/42/4748]. For
example, Barbera et al. [4] generalize Moulin’s single-facility result to higher
dimension by selecting the facility’s coordinate within each dimension indepen-
dently in a “median-like" fashion. Sui et al. [48] generalize median mechanisms
from [4l6/40] into percentile mechanisms by determining facility locations using
percentiles of ordered agent location projections in each dimension. While these
mechanisms are strategyproof, they show that for any dimension greater than
one, no percentile mechanism attains an approximation ratio with respect to
social cost bounded by a function of n.

Strategyproofness Relaxations In recent years, there has been growing in-
terest in exploring approximate notions of strategyproofness in order to enable
trade-offs with other desired properties [BIT4T6/34374144/46/47]. One relax-
ation is to allow an agent to obtain a multiplicative constant factor gain through
misreporting [22129]471]. This relaxation closely parallels the incentive ratio in
market design [9]. Oomine et al. [41] studied the obnoxious facility game [11]
under this relaxation and exhibited a trade-off between strategyproofness and
the approximation ratio. Specifically, with the multiplicative constant factor of
A, they obtained the approximation ratio of 1 + % The multiplicative factor
can be viewed as providing a bound on the maximum possible gain an agent
can obtain by misreporting, which is broadly aligned with the goal of designing
mechanisms with limited manipulability [TO/T6I28/44/46].

Facility Reallocation The setting of facility reallocation motivates the design
of Lipschitz continuous mechanism [20/31]. The facility reallocation problem con-
siders a sequence of agent preference profiles over time with the optimization goal
being to minimize both the social cost at each time step and the facility reallo-
cation distances across time steps. Lipschitz continuous mechanisms allow us to
bound the facility reallocation distances as a function of the preference profile
distances without any information about prior or future time steps.



4 Fullerton, Hu, and Plaxton
2 Preliminaries

For any nonnegative integer k, we write [k] as a shorthand for {1,...,k}.

In this work, any instance of the facility location problem involves a set of
two or more agents indexed starting at 1. A profile 7 is a vector of real values
specifying the preferences of the agents on the real line in nondecreasing order.
The nondecreasing requirement reflects the fact that all of the mechanisms we
consider are anonymous. For any positive integer n, we define an n-profile as a
profile for an n-agent instance. For any n-profile 7, we define pu(7) as 1 > ie(n) Ti-
A profile 7 is trivial if all of its components are equal; otherwise, it is nontrivial.

For any n-profile 7 and any ¢ in [n], we define interval(m,i) as (—oo, ms] if
i =1, as [m,—1,00) if i = n, and as [m;_1,m41] otherwise. Observe that a real
number x belongs to interval(w,4) if and only if (71, ..., mi—1, &, Tit1,...,7p) 1S
an n-profile. For any n-profile 7, we define I'(m) as the set of all n-profiles =*
such that [{i € [n] | m; # 7} }| < 1. For any n-profile 7, any i in [n], and any real
number z, we define subst(m, i, z) as the n-profile obtained from 7 by replacing
m; with x and rearranging the resulting components in nondecreasing order.

In this paper, we use the term “point” to refer to an element of R2, and we
write p; (resp., p2) to denote the z-coordinate (resp., y-coordinate) of a given
point p. We say that a point p is 1-D if po = 0. For any real number z and any
point p, we define d(z, p) as [[(,0) = plly = |& — p1| + [p2| ]

A solution 7 for a given profile 7 is an ordered pair (71, 72) of points specifying
the locations of the two facilities. We require that 7 < 75, where the comparison
is performed lexicographically. We sometimes refer to 7 (resp., 72) as the left
(resp., right) facility. We write 7; ;, where ¢ and j belong to {1,2}, to refer to
component j of 7;. We say that a solution 7 is 1-D if 7 and 7 are each 1—DE|F0r
any real number x and any solution 7, we define d(x, 7) as min(d(z, 1), d(x, 72)).
In other words, d(x, 7) is equal to the distance between = and its nearest facility,
which corresponds to the individual cost function of an agent with preference x.
For any two solutions 7 and 77, we define ||7 — 7%y as 3 c (1 oy l7e — 7711

For any profile 7 and any solution 7, we define C(r, 7) as Zie[n] d(m;, 7). In
other words, we define the social cost of a profile m and solution 7 as the sum of
individual agent costs d(m;, 7).

Lemma 2.1. Let 7 and 7 be n-profiles and let T be a solution. Then |C(7*,7)—
C(m,7)| is at most ||7* — 7||1.

Proof. For any i in [n], |[d(7},7) — d(m;,7)| is at most |7} — m;]. O

In our analysis, we sometimes want to identify the set of agents served by
each facility under a given solution. For any profile 7 and any solution 7, we
define Sy (m, 7) as the set of all indices 7 in [n] such that d(m;, 71) < d(m;, 72), and

3 Even though we focus on the Manhattan distance in this paper, all of our results
also hold for Euclidean distance up to constant factors.

* We adopt the convention that the symbol o (rather than 7) is used to refer to a
solution that is guaranteed to be 1-D.
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we define Sy(m,7) as [n] \ S1(m, 7). Note that if an agent is equidistant from the
two facilities, we consider it to be served by the left facility.

We define the left-median of s > 1 real numbers z; < --- < x4 as x4/2)-
That is, if s is odd, then the left-median is the median, and if s is even, then the
left-median is the lower-indexed of the two middle values. The following fact is
attributable to Procaccia and Tennenholtz [43].

Fact 1 For any profile w, the lexicographically first minimum-cost single-facility
solution locates the facility at the left-median of .

For any n-profile 7 and any 4 in [n — 1], we define cand(m,i) as the 1-
D solution that locates the left facility at the left-median of the leftmost i
agents (i.e., at 7;/21), and the right facility at the left-median of the right-
most n — i agents (i.e., at m(,4i)/27). We also define cand(m,n) as the 1-D so-
lution ((7fy,/27,0), (7[p/21,0)). Solution cand(m,n) locates both facilities at the
left-median of the entire set of n agents; note that the left facility is viewed as
serving the entire set of n agents under this solution.

For any n-profile , we define active(r) as the set of all ¢ in [n] such that under
solution cand(m,1), the left facility serves exactly ¢ agents. For any n-profile r,
we define canonical(r) as the lexicographically first minimum-cost solution for
7 if 7 is nontrivial, and as cand(m, n) otherwise.

Lemma 2.2. Let 7 be an n-profile and let o denote canonical(w). Then there is
an indez i in active(mw) such that o = cand(w,1).

Proof. If 7 is trivial, it is clear that n belongs to active(n) and o = cand(m, n).
For the remainder of the proof, assume that 7 is nontrivial. Thus o is the lex-
icographically first minimum-cost solution for 7. Let ¢ denote |Si(m,o)|. Since
7 is nontrivial and o is minimum-cost, we find that o1 ; < 02, and ¢ belongs
to [n — 1]. Since o is the lexicographically first minimum-cost solution for ,
we deduce from Fact [1| that oy is the left-median of 7,...,m; and og; is the
left-median of 7;41,...,7,. Thus ¢ belongs to active(w) and o = cand(w,i). O

Using Lemma [2.2] we deduce that for any n-profile 7, there is exactly one ¢
in [n] such that canonical(n) = cand(m,%); we define this ¢ as index().

For any profile 7, we define the optimal social cost C(w) as C(w,0) and Se(7)
as Sy(m, o) for all ¢ in {1,2}, where ¢ denotes canonical(r).

Lemma 2.3. Let m and 7* be n-profiles. Then |C(7*) — C(n)| < ||7* — 7]|1.

Proof. By symmetry, it is sufficient to establish that C(7*) — C(7) < ||7* — x]}1.
Let o (resp., 0*) denote the canonical solution for profile 7 (resp., 7*). We have
C(r*) < C(n*,0) < C(m) +||7* — 7||1, where the second inequality follows from
Lemma 211 O

A mechanism M maps any given profile to a solution. We say that a mecha-
nism is 1-D if it only produces 1-D solutions.

For any mechanism M and any function o : N — R*, we define the following
terms:
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1. M is a(n)-approzimate if C(m, M (7)) < a(n)C(m) for all n-profiles r;

2. M is a(n)-strategyproof if d(m;, M (m)) < a(n)d(m;, M (subst(7,i,z))) for all
n-profiles 7, all 7 in [n], and all real numbers x;

3. M is a(n)-Lipschitz if ||M(7*) — M(7)||1 < a(n)||7* — x|y for all n-profiles

7 and 7*.

As discussed in Section [T} our interest is in achieving constant-factor bounds
(i.e., independent of n). We say a mechanism is constant-approximate (resp.
constant-strategyproof, constant-Lipschitz) if the factor «(n) is O(1). Note that
when a(n) = 1, a(n)-strategyproof is strategyproof and when «(n) is a constant,
a(n)-strategyproof corresponds to constant-strategyproof defined in [41].

3 Facility Location in R

3.1 Mechanism M;

We define our first mechanism M; as follows: For any profile 7, M;(7) is equal
to canonical(r).

By construction, it is clear to see that this mechanism attains the optimal
social cost and therefore is constant-approximate with an approximation ratio of
1. However, the following counter-example shows that this mechanism is neither
constant-Lipschitz nor constant-strategyproof.

Lemma 3.1. Mechanism M, is not constant-strategyproof and is not constant-
Lipschitz.

Proof. Let A be an arbitrarily large positive real number, let z and & be positive
real numbers such that z > 2e), let 7 denote the profile (—z,0,0,z + ¢), let o
denote the solution M;(7) = ((0,0),(z +€,0)), let 7* denote the profile (—z —
2¢,0,0,z + ¢), and let o* denote the solution M;(7*) = ((—z — 2¢,0),(0,0)).
Observe that only agent 1 changed their report (from 7 to 7*) and only changed
it by 2e. We have

d(mi,0) =z > 2eX = Md(ny,0").

Hence M; is not constant-strategyproof. Furthermore,

lo—o*|l1 22+ 3e
lr =7y 2

which goes to infinity as z — co. Hence M is not constant-Lipschitz. ad

The linear bound on the approximation ratio of optimal social cost for deter-
ministic, strategyproof, mechanisms provided by [36] can trivially be extended
to constant-strategyproof mechanisms to show that, in fact, no 1-D, constant-
strategyproof, mechanism can attain a constant approximation ratio of optimal
social cost. However, such a mechanism can be constant-Lipschitz as we show
with the mechanism My (Section . We use the following lemma in our anal-
ysis of Ms.
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Lemma 3.2. Let w be a profile and let o denote M;(m). Then |{i | m; < 011}
is at least [|S1(m)|/2] and |{i | m; > 02.1}| is at least [|S2(m)|/2].

Proof. Follows from Lemma [2.2] O

3.2 Mechanism M,

Below we define our second mechanism Ms. Before doing so, we provide some
useful definitions.

For any n-profile m, let hq(7) denote the unique real number z greater
than or equal to 7y such that } . max(0,2 — m) = C(m), let fi(m) de-
note min(hq(m), u(mr)). Similarly, let ho(m) denote the unique real number x
less than or equal to m, such that 3, max(0,m; — z) = C(), and let f>(m)
denote max(ho(m), u(m)). It is easy to argue that fi(7) = wp(m) if and only if
fa(m) = p().

The reason that we introduce fi(7) and fa(7) is because it is possible that
hi(m) > ho(w). For example, let © denote the profile (—2,—1,0,0,1,1). It is
straightforward to check that hy(7) = 0 and ho(7w) = —1/4. However, for all ¢
belonging to {1,2}, fe(m) = —1/6.

We define mechanism M, as follows: For any profile 7w, Ms(w) is the 1-D
solution ((f1(7),0), (f2(r),0)).

We now show that mechanism M is constant-approximate and establish
properties to be used in Section to prove that mechanism M, is constant-
Lipschitz. Lemma [£.10] which proves that mechanism My is constant-Lipschitz,
also establishes that mechanism M5 is constant-Lipschitz.

We begin with the following lemma towards the goal of showing that mech-
anism M, is constant-approximate.

Lemma 3.3. Let 7 be a profile and let o denote M;(w). Then
011 < fi(m) < fo(m) < 091.
Proof. Immediate from the definitions. O
The following lemma establishes that mechanism My is constant-approximate.
Lemma 3.4. Let w be an n-profile, let o denote My(w). Then C(w,0) < 3C(w).

Proof. Let X denote {i € [n] | m; < f1(m)}, Y denote {i € [n] | m; > fa(7)}, and
Z denote [n]\ (X UY"). The definition of mechanism M, implies ),y d(m;,0) <
C(r) and 37,y d(mi, 0) < C(m). Lemma 3.3 implies 3=, , d(mi,0) < C(m). The
claim of the lemma follows. O

Again, given a trivial extension to the lower bound provided by [36], we
know that mechanism M; cannot be constant-strategy proof because it is a 1-D
mechanism that attains a constant approximation ratio of optimal social cost.

We now move on to establish properties of mechanism M5 that are used for
analyzing its 2-D generalization, mechanism M, in Section
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We begin with some useful definitions. For any profile 7, let A(7) denote
fa(mw) — fi(x), the distance between the two facilities on the z-axis. For any
profile 7 such that A(w) > 0 and any 4 in [n], we define wy(7, ) as

max (0, min(f2(7), mi) — fi(m))
A(r)
and wy(m, i) as 1 — wa(m, ). For any profile w such that A(w) > 0 and any ¢ in
{1,2}, we define wy(m) as 3, ., we(m, i) and () as C(m)/we(r).
Lemma 3.5. For any ¢ in {1,2} and any profile © such that A(w) > 0, we have
wi(r) > [Se(m)l/2.
Proof. Immediate from Lemmas [3.2] and O

Lemma 3.6. Let 7 be a profile such that A(xw) > 0, let £ belong to {1,2}, and
let o denote My(m). Then

we(m) = |Se(m,0)/2.
Proof. Observe that each agent in Sy(m, o) contributes at least 1/2 to we(w). O

Lemma 3.7. Let 7 be an n-profile such that A(w) > 0 and let £ belong to {1,2}.
Then
|Se(m)| + C(m) JA(m) = we ().
Proof. Below we address the case £ = 2. A similar argument holds for the case
{=1.
Let o denote M;(w) and let « denote (01,1 + 02.1)/2. We have

C(m) > Z max(0,m; —01,1)

i€[n]im; <z

> max(0,m — fi(w))

i€[n]:m; <z

> Z max (0, min(fo(7), ;) — f1(m))

i€[n]im; <z

=A(m) > w(m,i).

i€[n]:m; <z

Moreover,
Sl =lich m>al> Y wsni).
i€[n]imi >z
Since wa(7) = >4 <;<,, w2(7, 1), we conclude that the claim of the lemma holds
for £ = 2. o o

Lemma 3.8. Let 7 be a profile such that A(w) > 0, let £ belong to {1,2}, and
assume that A(w) > 2¢(m). Then

we(m) < 2|S¢(m)].

Proof. The inequality A(w) > 24,(w) implies C(7)/A(7) is at most wy(m)/2.
Hence the claim follows from Lemma O
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4 Facility Location in R?

We now move on to defining 2-D mechanisms, both of which are constant-
strategyproof and constant-approximate, one of which is also constant-Lipschitz.

4.1 Mechanism M3

Consider the following 2-D generalization of mechanism M;, which we refer to
as mechanism M;. Given a profile 7, and letting o denote M; (), we define

M3 (7) = (91,1, C(m)/|S1(7)]), (02,1, C(m) /| S2(m)])-

In other words, Mj is the generalization of M; in which each facility is vertically
backed off of the z-axis by a distance equal to the optimal social cost divided by
the number of agents served by that facility in M1E|

The following lemma, which establishes that M3 is constant-approximate, is
straightforward to prove.

Lemma 4.1. For any profile w, we have C(m, M3(m)) < 3C(7).

We now present a sequence of lemmas to be used to establish that Mjs is
constant-strategyproof.

In Lemma Lemma and Lemma 4.4} let ¢ denote (2 —/3)/3. For this
choice of ¢, one may verify that (3 —€)(1 — 3¢) = 2e.

Lemma 4.2. Let w be an n-profile, let i belong to [n], let x be a real number, let
7* denote subst(m,i,x), let 7 denote Ms(w), let 7* denote Ms(7*), let o denote
((71,1,0), (72,1,0)), let o* denote (11 1,0),(751,0)), and assume that d(m;,0*) <
ed(m;, 7). Then C(7*) > (3 — e)C(m, 7).

Proof. We have

C()

C(m,0*)+d(z,0%) — d(m;, ")

> C(m)+0—ed(m,T)

C(m, 1)
3

Y

—ed(m;, 7)

where the second inequality follows from Lemma O

Lemma 4.3. Let 7 be an n-profile, let i belong to [n], let x be a real number, let
7 denote subst(m, i, x), let 7 denote Ms(w), let 7* denote Ms(7*), let o* denote
((711,0),(151,0)), let £ belong to {1,2}, and assume that d(m;,07) < ed(m;, 7).
Then 7/, > ed(m;, 7).

S If 7 is trivial, then we set 72,2 = 0.
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Proof. Let w be a bijection from [n] to [n] such that 77, = 7; for all j in
[n)\ {i} and 7} ;) = x, let J denote {j € [n] [ u(j) € Se(n*,0")}, let A denote
{jeJ]| d(w:(j),a*) < 2ed(m;, 7)}, and let B denote J \ A.

For any j in A, we claim that d(m;,7) > (1 — 3¢)d(m;, 7). If © = j, the
claim holds trivially. Suppose i # j. Since |0} — m;| = d(m;,0;) < ed(m;, ) and
loj — W:(j)| = |o; —m;| < 2ed(m;, T), the triangle inequality implies |m; — m;| <
3ed(m;, 7). Since d(mj, T) is at least d(m;, 7) — |m; — 7], the claim follows.

The preceding claim implies C(m,7) > 3. 4 d(mj,7) > (1 —3¢)[A] - d(m;, 7).
Since d(m;,0*) < d(m;,0;) < ed(m;, T), Lemmaimplies

Clr) > (; - a) (1 32)|A] - d(m, 7).

The definition of B implies d(w}, ), 0") > 2ed(m;,7) for all j in B and hence
C(m*) 2 > jep dmyj),07) = 2¢|B| - d(m;, 7). Thus

C(r*) > max [(; - s> (1—3¢)|Al, 2¢|B|| d(m:, 7).

Recall that (§ —€)(1 — 3¢) = 2. Thus
C(r*) = 2emax(|Al, |B|)d(mi, ) = el J| - d(m;, 7)

and hence 7/, = C(7*)/|J| > ed(m;, 7). O
Lemma 4.4. Mechanism Ms is %-stmtegypmof.

Proof. Let m be an n-profile, let i belong to [n], let  be a real number, let
7* denote subst(m,i,x), let 7 denote Ms(w), let 7* denote M;z(7*), and let o*
denote ((771,0),(751,0)). We need to prove that ed(m;,7) < d(m;, 7"). Assume
for the sake of contradiction that d(m;,7*) < ed(m;, 7) and let £ be an element
of {1,2} such that i belongs to S¢(m,7*). Then

d(mi,07) < d(mi, ;) = d(mi, 7°) < ed(m;, T)

and hence Lemma[d.3|implies 7/, > ed(m;, 7). It follows that d(m;, 7*) > ed(m;, 7),
a contradiction. a

Theorem 1. Mechanism Ms is constant-approximate and constant-strategyproof.
Proof. The theorem follows immediately from Lemma and Lemma[d.4 O

The proof of Lemma, can be easily adapted to show that Mj is neither
strategyproof nor constant-Lipschitz.
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4.2 Mechanism M,

Our final mechanism, My, is a 2-D generalization of mechanism Ms. In order to
define My, we first introduce the following definitions for any profile 7 and any
£in {1,2}: &(m) denotes 0 if A(7) = 0 and min(A(w), 2¢p,(7)) otherwise; wo(m)
denotes max(8C(m)/n, & (m)).

Given a profile 7, and letting o denote M (7), we define My () as the solution
7 such that 7,1 = 00,1 and 72 = () for all £ in {1,2}.

Lemma 4.5. For any n-profile 7, we have C (7, My(w)) < 15C(7).

Proof. Let o denote Ms(7). Observe that

C(m, My(m)) < C(m,0) + Y e(m)|Se(m, o). (1)

0e{1,2}

Since C(m,0) < 3C(w) by Lemma [3.4] it is sufficient to prove that the sum in
Equation (1)) is at most 12C(w). If A(w) = 0, then ¢;(7) = 8C(w)/n for all £ in
{1,2} and hence this sum is equal to 8C(r).

For the remainder of the proof, assume that A(7) > 0. For any ¢ in {1, 2},
we have

@e(m)|Se(m, 0)| < max(8C(m)/n, 2¢())|Se(m, o)
< max(8C(m)/n,4C(w)/|Se(7,0)|)|Se(m, o)|

= max(8C(7)|S¢(m, 0)|/n, 4C(T)),

where the first inequality follows from the definition of y(7) and the second
inequality follows from Lemma Thus the sum in Equation is at most
12C(m). O

We next define a core lemma which we will use to relate the constant-
strategyproofness of mechanism Mj to that of mechanism M,.

Lemma 4.6. Let M and M* be mechanisms, let a1 and as be positive real num-
bers such that a1d(z, M (7)) < d(z, M* (7)) < aod(x, M (7)) for all profiles 7 and
all real numbers ., and assume that M is \-strategyproof. Then M* is Aas/aq-
strategyproof.

Proof. Let 7 be an n-profile, let i belong to [n], let  be a real number, and let
7* denote subst(m, i, x). We have

d(my, M* (7)) < ag - d(m;, M (7))
S )\ag . d(’/TZ,M(’/T*))
< (Nag/ay)d(m;, M*(7*)).
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We next show that mechanism M, is constant-strategyproof. The following
simple fact is used in the proof of Lemma [£.7] below.

Fact 2 Let p and q be two points such that ps and go are positive and let z be a
real number such that |p1 — q1| < z. Then

in (1, P2 ) < d(z,p) < max (1,p2 + Z)
g2 + 2 d(x,q) q2

for all real numbers x.

Lemma 4.7. Mechanism My is constant-strategyproof.

Proof. Since mechanism Ms is constant-strategyproof, Lemma [.6] implies it is
sufficient to exhibit positive real numbers a; and as such that, for all profiles 7
and all real numbers x, a1d(x, M3(7)) < d(z, My(w)) < asd(x, M3(r)).

Let w be an n-profile, let « be a real number, let o denote M (), let o* denote
My (), let 7 denote Ms(w), let 7* denote My (), and let s, denote |Se(m)| for
all £in {1,2}. Thus 742 = C(7)/sq.

If C(7) =0, it is easy to see that 7* = 7 and hence d(x,7*) = d(z, 7). For
the remainder of the proof, we assume that C'(w) > 0. It follows that 72, (9
and s, are positive for all £ in {1,2}. We assume without loss of generality that
s1 > n/2; the case sy > n/2 is symmetric.

We claim that 77, = 8C(m)/n. If A(w) < 8C(w)/n, the claim is immediate
from the definition of mechanism M,. Otherwise, A(7) > 0 and since s; > n/2,
Lemma [3.5) implies w; (m) > n/4, which in turn implies 2¢;(7) < 8C(7)/n, so
the claim is once again immediate from the definition of mechanism Mj.

We claim that |07 | — 0y 1] < 2C(m)/s, for all £ in {1,2}. We prove this claim
for the case £ = 1; the case £ = 2 is symmetric. By Lemma [3.3] we need to prove
that of ; < z where z denotes 011 +2C(7)/s1. By Lemma there are at least
s1/2 agents at or to the left of o1,1. Thus > (- o, 2 —m is at least C(r).
Hence the definition of mechanism M> implies o7 ; < z, as required.

Given that n/2 < s; < n and using Fact [2| with py equal to 8C(w)/n, ¢2
equal to C(m)/s1, and z equal to 2C(m)/s1, we have

d(x’Tl*)<maX<1, max 80(7r)/n+20(7r)/51>

d(il?,’l'l) - n/2<si<n C(T()/Sl
=max(l, max 8s;/n+2)
n/2<s1<n
= 10.

We can use Fact [2in a similar manner to derive a lower bound of 1 for the ratio
d(z, ) /d(x, ). In summary, we have

1< d(z,77)/d(z, 1) < 10. (2)

Case 1: A(7) > 2¢p9(7). Lemmas [3.5] and [3.8 imply wo(7)/2 < so < 2wo (7).
Since |03 1 — 02,1 < 2C(7)/s2, we deduce that |05 — 021| < 4¢ha(7). Below we
use two subcases to establish that

1/3 <d(z,75)/d(x, 72) < 12. 3)
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Equations (2) and (3) together imply 1/3 < d(z,7*)/d(x,7) < 12.
Case 1.1: wa(m) > n/4. Thus 75, = 8C(7)/n and n/8 < 55 < n/2. Hence
C(m)/n < 12 <8C(m)/n and |03 ; — 02,1| < 16C(7)/n. Using Fact With D2
equal to 8C(7)/n, g2 between 2C () /n and 8C(w)/n, and z equal to 16C () /n,
we find that Equation (3] holds.

Case 1.2: wa(m) < n/4 Thus 75 5 = 2tp2(7). Since wa(7)/2 < 52 < 2wa(7), we
have (1) /2 < To,0 < 2tha(m). Usmg Fact |2 Iw1th p2 equal to 295 (1), g2 between
Yo(m)/2 and 2¢o(7), and z equal to 4ipy(7), we again find that Equation
holds.

Case 2: 8C(m)/n < A(m) < 2¢a(m). Thus 75, = A(7). Since 71 5 = 8C(7)/n,
we have d(z,77) < 2d(x,75). Thus

d(z,7") = min(d(z, 1), d(z,75))
> min(d(z,77), d(z,77)/2)
=d(z,77)/2
> d(z,71)/2
> d(z,7)/2,

where the second inequality follows from Equation (2).

Recall that wa(m) > s2/2. Thus the case condition implies 75, < 4C(7)/s2.
Recall that |03 | —02,1| < 2C(7)/s2. Using Factwith pe equal to 4C(7)/s2, q2
equal to C(m)/s2, and z equal to 2C(w)/s2, we find that

d(x,75)

Az, ) =0 )

Thus

d(x, 7‘*) = min(d(m, Tf)» d(x’ 7—2*))
< min(10d(z, 71 ), 6d(x, 72))
< 10min(d(z, 1), d(x, 72))
= 10d(z, 7),

where the first inequality follows from Equations (2) and ().
Case 3: A(m) < 8C(7)/n. Thus 754 = 8C(m)/n and since 715 = 8C(m)/n,
we have d(z,77) < 2d(x,75). As in Case 2, we deduce that d(z,7*) > d(z,7)/2.
Recall that |03, — 021 < 2C(7)/s2. Given that 1 < s; < n/2 and using
Fact [2 with ps equal to 8C( )/n, g2 equal to C(m)/s2, and z equal to 2C()/ss,
we find that Equation . 4) holds as in Case 2. The rest of the argument proceeds
as in Case 2. O

The remainder of this section is devoted to establishing that mechanism My is
constant-Lipschitz. The plan is to argue Lipschitz-type bounds for the functions
fe(m) and g (7) that define the four components of the solution produced by My.
These functions are defined in terms of a number of simpler auxiliary functions.
Since the functions that we are studying all map a given 7 in R™ to R, a natural
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approach to deriving Lipschitz-type bounds is to study the magnitude of the
gradient. Instead of directly reasoning about the gradient, we find it convenient
to fix all components except component k of a given profile 7, and then study
the magnitude of the derivative as 7 varies over I* = interval(mw, k).

A technical obstacle that we need to overcome is that most of the functions we
study are not differentiable over all of I*; rather, they are piecewise differentiable.
In the full version of the paper [23], we first show how to break I* into a finite
set of pieces, each of which is a closed interval, such that all of the functions of
interest are differentiable over the interior of each piece. We then use calculus
to bound the magnitude of the derivative of each of these functions over the
interior of each piece. Combining these bounds with some other basic results for
establishing Lipschitz-type bounds, we obtain our main technical lemma, which
states that the functions fy(7) and @, (7) are constant-Lipschitz over each piece.
Using this lemma, it is straightforward to establish that the functions f,(7) and
¢ () are constant-Lipschitz over I*; see the full version of the paper for the proof
details. Below we use the latter result to establish Lemma which provides a
Lipschitz-type bound for mechanism M, when a profile 7 is changed to another
profile in I'(m). We then use Lemmato obtain the desired constant-Lipschitz
bound for M, (see Lemma below).

Lemma 4.8. There ezxists a positive constant k such that for any profile 7 and
any profile ©* in I'(w), we have

[Ma(7") = Ma(m)[1 < - [|7* = 7l

Proof. As discussed above, in the full version of the paper we establish that the
functions f,(7) and @, (7) are constant-Lipschitz over I* for all £ in {1,2}. The
present lemma follows immediately. a

Lemma 4.9. Let m and 7 be distinct n-profiles. Then there exists an i in [n]
such that m; # 7} and w; belongs to interval(m,3).

Proof. If there exists a j in [n] such that 7; < 77, then we can take i to be the
maximum such j. Otherwise, we can take i to be the minimum j in [n] such that
T > 7. a

We finally state our lemma that mechanism M, is constant-Lipschitz as fol-
lows.

Lemma 4.10. Let x denote the Lipschitz constant of Lemmal[].8 Then for any
n-profiles w and w*, we have

[My(7%) = May(m)[1 < - |7 =71

Proof. Let m and 7* be n-profiles and let s denote |{i € [n] | m; # 7}}|. By
applying Lemma s times, we find that there exists a sequence of n-profiles
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7O .. 7 such that 7(9 = 7, 7(*) = 7*, and 7 belongs to I'(x(=1) for all
i in [s]. Thus

IMy(*) = My(m)|[ < D [Ma(7 @) = My(x =)y
i€[s]

(i) _ - (i-1)

> 1

<HZ||W =
1€[s]

= fl7 =7,
where the second inequality follows from Lemma g

Theorem 2. Mechanism My is constant-approzimate, constant-strategyproof,
and constant-Lipschitz.

Proof. The theorem follows immediately from Lemma [.5] Lemma [£7] and
Lemma 10 O

5 Concluding Remarks

Our work shows that constant-strategyproof and constant-Lipschitz mechanisms
can provide good truthfulness and stability guarantees without suffering signifi-
cant loss of efficiency. For example, consider the stark difference between a ©(n)
approximation ratio of optimal social cost for strategyproof mechanisms and a
constant approximation ratio of optimal social cost for constant-strategyproof
mechanisms. Our positive results suggest that these properties are deserving of
further study for the facility location problem and other problems in mechanism
design.

There are many interesting directions in which our work can be generalized.
Most pressingly, we are eager to see whether our methods can be generalized
to facility location in other metric spaces. In particular, we conjecture that it
is possible to design constant-strategy proof mechanisms for facility location
with both preferences and facilities in R?. Beyond this, there are other natural
directions for generalizing our results such as allowing for more than two facilities
or considering different cost functions for individual agent or social costs [T530].

There are also numerous other properties which are of interest. For ex-
ample, future work could integrate recent fairness results for facility location
[26l27J39I50] with constant-strategyproof and constant-Lipschitz mechanisms.
Additionally, our results implicitly reveal a tradeoff between the approximation
ratio and the relaxation of strategyproofness, governed by the choice of vertical
offset from the line. It would be interesting to more precisely characterize this
tradeoft.

The integration of theoretical results with practical, real-world, considera-
tions is another potentially fruitful direction for future research. Examples of
work in this vein include [7] which studies the effective use on individual mobil-
ity pattern data for facility location and [2I25135] which study “obvious” strat-
egyproofness. Ultimately, facility location is a theoretical problem with deep
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practical motivations. Any work that attempts to narrow the gap between the-
ory and implementation could be valuable both for embedding better theoretical
guarantees into practical implementations and for informing which problems and
relaxations are most deserving of theoretical study.
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