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So now we can control the joints to move...
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...but move where? What is the goal?

( )

Disturbances

Hand (End-Effector, EE
Frame Desired ACtl:JE?|
. Position error u Position
Joint Frame e Controller —> >
N Sensor
Measured Position

Base Frame K J

Tasks are usually defined in 3D Cartesian Space not joint space
We want to move a frame on the robot to a desired pose
We need to deal with poses and motion in Cartesian space
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What will you learn today?

Preliminaries

WHAT STARTS HERE CHANGES THE WORLD

— How to represent the state of an object in Cartesian space? - Poses

— We will learn later how to connect Joint Space and Cartesian space

How to define a frame’s orientation and pose

Translations

Rotation Matrices

Exponential Coordinates

Euler Angles (Intrinsic vs Extrinsic Rotations)
Quaternions
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Define: Translation (Move) and Rotation (Rotate)

Translate
And The object i
Rotate o
y_ NnoOW at a new
N —— 4 position and
% 'l orientation.
I
I
: |
| i
i ]
. \ 7 \"
e —————— e —-— ™
P I v i

How do we express how much we move or rotate?
With respect to what?
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Define: Reference Frames 1° “z
e A point p can have different |
coordinates in different frames I 42
—
o Frames can be fixed to objects of i,’ X
attached to moving objects ow 4
®> [P
y p=p=|p, |eR>
‘ {2} | P, ]
4 (1) ‘ x
0 1 2
¢ p='p=°p
{0} >

But it is the same point.
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Translations and Rotations in Robotics... Many Frames
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Preliminaries

o Define: Vector: element of R o Define: Inner product
_ _ n-1
P, (pa)=pgr =Y g =|p|, |al, cos(®)
i=0
p=p-= p|\2/| e R"
| P |

e Define: angle between two vectors

cos(f) = e
[P1l, il

o Define: Vector 2-norm (L2)

Ipl, = p2+p2+L +p2]"
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Preliminaries e Common Notation Simplification
e Define: Unit Vectors _
o s, =sin(6)
i—lole RS c, = C0s(6)

s, =sin(6, +6,)
Cps =C0S(6,+ 6, +6,)

A etc.
j=|1le R®
e Frame Designations (sources will vary)
. 1 1
_ 3
k=10le R P P P

0
_O_
.
1
_O_
o
0
_1_
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Preliminaries

e Cross product (result is another vector!)

[pxq =] p|[allsin(6) A axs

' P,0; — PsG, /
_ _ b i) \ Y
Pxg=| P04, — P.U; k ) ' /
B p1CI2 o 32q1_
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Preliminaries

«  Basic Operations (for matrices in R%*?)

Matrix Algebra:
e Identitymatrix:A=1-A a b 4 € f _ at+e b+f
*  Some matrices have an inverse, such that: c d g h cC+( d+h
AA™T =]
« Inversionis tricky: (ABC)™1 = 7171471 _ _
(Derived from non-commutativity property) a b e f B a—e b-—f
¢ d| |g h| |c-g d-h
1 0 0] -
1=|0 1 0|e R3*3 a bje f| |ae+bg af+bh
0 0 1 c d|g h| |ce+dg cf +dh

Matrix Multiplication is NOT communicative!!! (but it is associative)
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What is our goal?

Given a rigid body we want to be able to express
how it moves in a concise way

* When it translates

* When it rotates

That means, if | know the coordinates of one point
on the rigid body before it moves, we will apply a
transformation that will tell us what are the
coordinates of the point after the motion

Different types of motion have different
representations for the transformation

WHAT STARTS HERE CHANGES THE WORLD
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Representations of Translations in 3D Space

1. Displacement Vector > R3 Group

Representations of Rotations in 3D Space

1. Axis-Angle

2. EulerAngles

3. Rotation Matrix
4. Quaternions

Representations of Translation+Rotation in 3D Space

1. Transformation (Homogeneous) Matrices = SE(3) Group
2. Twists = se(3) Algebra
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Representations of Translations in 3D Space

L
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1. Displacement Vector © R3 Group ;‘ “\\l
" :; ' 4 > l
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Translation

* Move a point to a new location * Move an object to a new location
, _
p=p+d
@
3 d € R3
p € R
o) Every point displaced by same vector

Translation = 3 Degrees of Freedom (DoF)



TEX_AS RBT350 — GATEWAY TO ROBOTICS WHAT STARTS HERE CHANGES THE WORLD
The University of Texas at Austin

Representations of Rotations in 3D Space
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Rotation: defined

* The displacement of a rigid body * Critical in robotics since

that leaves at least on point fixed in commo-nly each joint rotatesin a
space frame fixed to the previous link.




RBT350 — GATEWAY TO ROBOTICS

Rotation: defined

* The displacement of a rigid body
that leaves at least on “point” fixed
in space

WHAT STARTS HERE CHANGES THE WORLD

This point may not even be on the rigid
body (see the car)

The current rigid point is known as the
“Instantaneous Center of Rotation”
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Rotation: defined
. 2 . .
e In 3D spatial systems (E3) a line is :cn E(Ijanar systems (E?), a point is
ixed.

fixed
e« Thatlineis called the axis of * The pointis the center of
rotation

rotation
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Representations of Rotations in 3D Space
1. Axis-Angle
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In 3D Space, a Rotation happens around a Fixed Axis

 Euler Theorem: “Every spatial rotation leaves
some line fixed.”
* Representations:

— Afree unit vector e € R3 indicates direction
of that line.

— Ascalar 0 is the magnitude of a clockwise

0=0e rotation

* Good to integrate angular velocities:

— If arigid body rotates with constant angular
velocity @ [rad/s], after time t it will have
rotated @ - ||t
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Properties of Axis-Angle. They are...

Simple and intuitive. GOOD!
Easy to integrate (angular velocity -> rotation). GOOD!

Redundant and not minimal (4 values for 3 DoFs). BAD!
They do not interpolate in an obvious way. BAD!

Not easy to combine. BAD!

They cannot be directly applied to “move” points. BAD!
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N

’ ;\‘
' ) |

n P
Representations of Rotations in 3D Space 6
1. Axis-Angle 'ar V

2. EulerAngles

/‘?
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Euler Angles

 We “attach” a frame to the rigid body

* The rotated pose of the rigid body is
the result of rotating only around one
axis at a time

 We can reach any orientation with
sequences of rotations around three
axes

 The amount of rotation and the axis we
rotate around define the Euler angles

WHAT STARTS HERE CHANGES THE WORLD

A

/\
Pitch\_, ;.
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Euler Angles

We can represent an orientation with 3 numbers

 Asequence of rotations around principal axes is called
an Euler Angle Sequence

Assume we limit ourselves to 3 rotations
e no successive rotations about the same axis

e we could use any of the following 12 sequences
to specify an orientation

XYL XLY XYX XIX
YXZ YZX YXY YZY

LXY LYX LX1 AV
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WHAT STARTS HERE CHANGES THE WORLD

Euler Angles

The most used Euler Angle convention

— Rall

* rotation about z
— Pitch

* rotation about x
— Yaw

* rotation abouty
Orientation

— Rz(roll) Rx(pitch) Ry(yaw)

Roll

Yaw

[
Pitch\_,
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Intrinsic vs Extrinsic (Euler vs Fixed) Rotations

After the first rotation, I1s the next rotation wrt. the moved
or the fixed axes?

i
Rotate Rotate extrinsic
around z around x [ old x /}

V,.
[ new Xx? }

intrinsic
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Problem: Gimbal Lock
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Properties of Euler Angles. They are...

Euler angles can generate any possible orientation in 3D. GOOD!

Euler angles are used in a lot of applications...they are intuitive. GOOD!
They are compact...requiring only 3 numbers*. GOOD!

Ambiguous: different triples can be same orientation. BAD!

They do not interpolate in an obvious way (very bad in robotics). BAD!
They can suffer from Gimbal lock. BAD!

They cannot be directly applied to “move” points. BAD!

Conversion to/from a matrix requires several trig operations. BAD!
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Representations of Rotations in 3D Space

1. Axis-Angle
2. EulerAngles
3. Rotation Matrix

D
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-
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Rotations (and rigid body motions) as Linear Transformations

e A rotation (or any rigid body motion) is a

linear transformation 0/0
« Reminder: a linear transformation is a — d
mapping between two vector spaces that

preserves the operations of vector addition
and scalar multiplication

* Preserves vector addition?
— Distances between points are preserved

* Preserves vector multiplication? :>
— Angles between vectors are preserved
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Rotations (and rigid body motions) as Linear Transformations

Y =@

 If arotationis a linear transformation there
must exist a matrix such as that
fpeR3>p ' =R-p
where R is a matrix that represents the
rotation

=)
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Example: Rotation Matrix in 2D

y , C(/)Q — C(/)Cg — S¢SQ
A x’=rcos (¢ +0) Spe = SpCo + SgCq

X,y y’=rsin (¢ + 0) \

X =T COS ¢ X=X cos 0 -y sin
Y =r15Sin ¢ y’=xsm 0 +Yycoso

- I

p =R-p

(x, y)
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Extending to Rotation Matrix in 3D for rotation around z

X =X C0S 0 -ysin 0O
y =Xsin O +ycoso

Z =2
p'=R,(0)p
(cos® —sin® 0 |
sin® cosO O
R=R,(0)= 0 0 .
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1 0 0
Rotation Matrix in 3D 0 cosO -sin®

Rx(e): O sin® cosoO

"cos® 0 sin®
0 1 0
Ry(G) “|-sin® 0 cos6
(cos® —sin® 0 |
sin@ cosO O
R.(0) =
2(0) 0 0 1
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Properties of Rotation Matrices

« RT1=RT * If a matrix R fulfills all these properties
e det(R) =1 (actually, only the first 2) then, it is a
rotation matrix
* Ri(RyR3) = (R1R2)R3 ,
. AR = (BR)T * Wesay R € S0(3), Special Orthogonal
B A Group in 3D Space

* A Group Gis a set with an operation - and with the properties:
Identity: 3e € G such thatVa € G,a-e =a

Inverse: a € G ,3a " lsuchthata-a 1 =e

Associative: a, b, c € G, (ab)c = a(bc)

Closure:a,b € G, c=a-b€eG

B wnN e
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Another way to understand/create Rotation Matrices

* Frame {4}
P4 * Frame {B}
5}3 t ~ * Express each of the rotated unitary
XB vectors (Xg, Y5 and Zg) in the original
3 coordinate frame {A}
R e Use them as columns for the rotation
/ XA matrix from {4} to {B}
A . Bp_[((Xp)a )a (Zpla)
Z . AR =
A 12g ) ) !
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Properties of Rotation Matrices. They are...

Easy to use to rotate points or frames. GOOD!

Easy to compose with other rotations (matrix multiplication). GOOD!

Not a minimal representation: 9 values for 3 degrees of freedom. BAD!
They do not interpolate in an obvious way (very bad in robotics). BAD!

Not very intuitive. BAD!
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Representations of Rotations in 3D Space

1. Axis-Angle ';\ 4

2. EulerAngles

3. Rotation Matrix 4

4. Quaternions %
CNE

R
iR
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Quaternions

e Alternative to Euler Angles

* Developed by Sir William Rowan
Hamilton [1843]

* Quaternions are 4-D complex
numbers

— With one real axis
— And three imaginary axes: i,j,k

q=qo+qil+qj +qzk
= (S0, V) = (W, x,y,2)

Hamilton Math Inst., Trinity College
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Recall a Complex Numbers...

z=a+ibwherei=(-1)

Can think of a complex number as having a real and an imaginary
part or as a vector in two-dimensional space

z=[a, b]
z14z2 =(al +ibl) + (a2 +ib2)=(al+a2) +i(b1l+b2)

21*22 = (al+i b1)*(a2+i b2) = (ala2-b1b2) +i (a2bl+alb2)
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Quaternions

You can think of quaternions as an extension of complex numbers
where there are “three different square roots of -1”

g=W+iX+jy+kzwhere
— i=7(-1),j=V(-1), k =~(-1)
— i*j=k, j*k =i, k*i = ]

— j*i=-k, k*j=-i, i*k =

\[{ou coulcil also think of g as a value in four-dimensional space, q =
W, X, Y, Z

Sometimes written as g = [s, v] where s=w is a scalarand vis a
vector in 3-space
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Addition of Quaternions (easy)

q:+d;
= (Wy+i Xy Y1tk 29) + (Wyti Xo+) Y,+k Z,)

= WytW, + 17 (X +X;) + (Y1+Y,) +k (2,+2,)

ql + g2
= [wl, v1] + [w2, v2]
= [wl+w2, v1+v2]
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Multiplication of Quaternions (hard)
2 quaternions multiplied together result in a

quaternion.
9l1*q2 = (wl+ix1+jyl+kz1)*(w2+ix2+jy2+kz2) Recall,
= WoW, + i WXy +j WeY, + Kk W,2Z, + g=W+iX+jy+kzwhere
KXy + WXy —j XgZ; + K Xy, + — i=7(-1),j=V(-1), k= (1)

— %=k j*k =i, k*i=]

ViV, +iYiZ, Wy, - KXoy, +
1Y2 12, 2Y1 2Y1 — =k kA= o, itk =

2,2, -iY,2y +jX2; +KkW,z,
Quaternion multiplication is
not commutative

Or more succinctly stated,

a9’ = (g, +id, + ja, + ka, ) (ay +ig; + ja, +kas)
=s8s'—v-V sV +sv+vxVv'
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Inverse of a quaternion (easy)

Ex. Find the inverse of =0+ 61+ 8]+ 0k

4, (s,—v) 0-6i-8j-0k

= = =0-.061—.081—0k
oI, Jo+36+64+0], ’

q
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If the quaternion is unitary

B _ 6N . . (6
q = (W = cos <E),w : sm(§>)
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Quaternions enable Spherical Interpolations (this is the big
reason to use them)

° Linear |nterpo|ation ¢ Spherica| |nterp0|ati0n
_ between two points a and b in — between two quaternions a and
space bin space(( ) ) ( )
sin((1-t)@ sin (t@
Slerp(t,a,b) = _ a+———b
Lerp(t,a,b) = (1-t)a+ (t)b h(t.a.b) sin @ sin 0
0<t<1

where: 6 =cos™(a-b)

y

Amount of rotation
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Properties of Quaterions. They are...

They are easy to interpolate. GOOD!

They are fine to compose. OK!

Not a minimal representation: 4 values for 3 degrees of freedom. BAD!
Hard to apply rotations to points/frames. BAD!

Not very intuitive. BAD!
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Representations of Rotations ‘\&'*LE |

by
* .y
1) Rotation Matrix (direction cosine matrix) 2) Exponential Coordinates (Axis-angle)
(ﬁ” o E:") Wl = w € so(3)
R= :'E.'f:'b ﬁi’b Egﬁ £ SO(3)
&y Ua Eg

3) Euler angles 4) Quaternion

((I._./B,"}’) = YPR q = (QW1Q$=Qy:qz)
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1) Rotation Matrix (direction cosine matrix)

RBT350 — GATEWAY TO ROBOTICS

WHAT STARTS HERE CHANGES THE WORLD

a, = (1"32 - r23)12 sin @

6 = cos™! (M ay = (rj3 — r3;)/2sin @

R = R(a

R(BR(y)

0 &y Ua 9
k= -"a'fb f’ib 55%
iy W Zu

3) Euler angles

(o, 8,7) = YPR

a, = (ry — ri2)/2siné.

—Ww3 Wy
0 —w
w 0 1 Skew
1 Symmeiric

wl =w € so

formula

Rep.

R=

a +ai —ai —a}
24192 + 290493
24193 — 29092

24193 + 29042
29293 — 2909,

29192 — 29043
a5 —ai +ai-ai
29293 + 2q0q;

a5 —aqi —a} +ad}

| 2= 50 (9)

tr(M) is the trace: sum of the diagonal elements

g =5 irV)

= Mop =My
) 4q,
My =My,

T

4q,

4) Quaternion

L 4

2) Exponential Coordinates (Axis-angle)

(3)

0 =2cos \(gp)

a2

a3

X9,2)=

g
sin(%) ! sin(%

)" sin(

3

q = (q'w:'Qm:Qy:q,z)
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Summary of pros and cons

1) Rotation Matrix (direction cosine matrix) 2) Exponential Coordinates (Axis-angle)
+  Operations on other geometric elements +  Minimal representation
+  Composition +  Intuitive to “visualize”
+  Unique representations +  Necessary for differential equations, integration of
velocity...
- 9 elements for 3 DoF - Interpolation
- Interpolation - Operations on other geometric elements

- Composition

3) Euler angles

4) Quaternion

+

Ll 13 * ”
Intuitive to “define +  “Almost” minimal representation
+  Minimal representation
- Gimbal lock

- Composition

+  “Almost” intuitive to “visualize”
+  Interpolation (SLERP)

) Operations on other geometric elements - Operations on other geometric elements
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What to use for what?

Need to apply rotations to geometric elements (points, frames...)
— Rotation matrix
* Need to concatenate/combine several rotations
— Rotation matrix
* Need to interpolate between two orientations
— Quaternions
* Need to define an orientation in a “manual/intuitive” way
— Euler angles or Axis-Angle
* Need to integrate a constant angular velocity into a rotation
— Axis-Angle
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Representations of Translations in 3D Space

1. Displacement Vector > R3 Group

Representations of Rotations in 3D Space

1. Axis-Angle

2. EulerAngles

3. Rotation Matrix
4. Quaternions

Representations of Translation+Rotation in 3D Space

1. Transformation (Homogeneous) Matrices = SE(3) Group
2. Screw motion = se(3) Algebra
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