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We introduce a new hierarchy of higher-order nested pushdown trees generalising Alur et al.’s concept of
nested pushdown trees. Nested pushdown trees are useful representations of control flows in the verification
of programs with recursive calls of first-order functions. Higher-order nested pushdown trees are expansions
of unfoldings of graphs generated by higher-order pushdown systems. Moreover, the class of nested pushdown
trees of level n is uniformly first-order interpretable in the class of collapsible pushdown graphs of level n+1.
The relationship between the class of higher-order pushdown graphs and the class of collapsible higher-order
pushdown graphs is not very well understood. We hope that the further study of the nested pushdown tree
hierarchy leads to a better understanding of these two hierarchies. In this paper, we are concerned with the
first-order model checking problem on higher-order nested pushdown trees. We show that the first-order
model checking on the first two levels of this hierarchy is decidable. Moreover, we obtain an alternating
2-EXPTIME algorithm for the class of nested pushdown trees of level 1. The proof technique involves a
pseudo-local analysis of strategies in the Ehrenfeucht-Fraissé games on two identical copies of a nested
pushdown tree. Ordinary locality arguments in the spirit of Gaifman’s lemma do not apply here because
nested pushdown trees tend to have small diameters. We introduce the notion of relevant ancestors which
provide a sufficient description of the FOg-type of each element in a higher-order nested pushdown tree.
The local analysis of these ancestors allows us to prove the existence of restricted winning strategies in the
Ehrenfeucht-Fraissé game. These strategies are then used to create a first-order model checking algorithm.

Categories and Subject Descriptors: F.1.1. [Computation by Abstract Devices]: Models of Computation—
Automata
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Additional Key Words and Phrases: higher-order pushdown graph, higher-order pushdown system, first-
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1. INTRODUCTION

During the last decade, different generalisations of pushdown systems have gained
attention in the field of software verification and model checking. Knapik et al. [2002]
showed that Higher-order pushdown systems, first defined by Maslov [1974; 1976],
generate the same class of trees as safe higher-order recursion schemes. Safety is a
syntactic condition concerning the order of the output compared to the order of the
inputs of higher-order recursion schemes. A higher-order pushdown system is a push-
down system that uses a nested stack structure instead of an ordinary stack. This
means that a level 2 pushdown system (2-PS) uses a stack of stacks, a level 3 push-
down system (3-PS) uses a stack of stacks of stacks, etc. Hague et al. [2008] defined
the class of collapsible pushdown systems by adding a new stack operation called col-
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lapse. They proved that the trees generated by level / collapsible pushdown systems
coincide with the trees generated by level [ recursion schemes. The exact relationship
between the higher-order pushdown hierarchy and the collapsible pushdown hierarchy
remains an open problem. It is not known whether the trees generated by safe recur-
sion schemes are a proper subclass of the trees generated by all recursion schemes.!
Due to the correspondence of recursion schemes and pushdown trees, this question can
be equivalently formulated as follows: is there some collapsible pushdown system that
generates a tree which is not generated by any higher-order pushdown system?

Also from a model theoretic perspective these hierarchies are interesting classes.
The graphs generated by higher-order pushdown systems are exactly the graphs in
the Caucal-hierarchy [Carayol and Wéhrle 2003]. Thus, they are one of the largest
known classes with decidable monadic second-order theories. In contrast, Broadbent
[2012] recently showed that the first-order theories of graphs generated by level 3 col-
lapsible pushdown systems are in general undecidable (level 2 collapsible pushdown
graphs have undecidable monadic second-order theories but decidable first-order the-
ories [Hague et al. 2008; Kartzow 2010]). Thus, the collapse operation induces a drastic
change with respect to classical decidability issues.

Furthermore, collapsible pushdown graphs have decidable modal u-calculus theories
[Hague et al. 2008]. In fact, the class of collapsible pushdown graphs and the class of
nested pushdown trees are the only known natural classes with decidable modal u-
calculus theories but undecidable monadic second-order theories.

Further study of the higher-order pushdown hierarchy and the collapsible pushdown
hierarchy is necessary for a better understanding of these results. It may also reveal
an answer to the question whether safety implies a semantical restriction for recursion
schemes.

In this paper we introduce the hierarchy of higher-order nested pushdown trees.
This is a new hierarchy between the hierarchy of higher-order pushdown trees and
that of collapsible pushdown graphs. We hope that its study reveals more insights into
the structure of these hierarchies.

Nested pushdown trees were first introduced by Alur et al. [2006]. These are trees
generated by pushdown systems (of level 1) enriched by a new jump relation that con-
nects each push operation with the corresponding pop operations. They introduced
these trees in order to verify specifications concerning pre/postconditions on function
calls/returns in recursive first-order programs. “Ordinary” pushdown trees offer suit-
able representations of control flows of recursive first-order functions. Since these trees
have decidable monadic second-order theories [Muller and Schupp 1985], one can use
these representations fruitfully for verification purposes. But monadic second-order
logic does not provide the expressive power necessary for defining the position before
and after the call of a certain function in such a pushdown tree. Alur et al’s new
jump relation makes these pairs of positions definable by a quantifier-free formula.
Unfortunately, this new relation turns the monadic second-order theories undecidable.
But they showed that modal p-calculus model checking is still decidable on the class
of nested pushdown trees. Thus, nested pushdown trees form a suitable representa-
tion for control flows of first-order recursive programs for the verification of modal u-
calculus definable properties of the control flows including pre/postconditions on func-
tion calls/returns.

Of course, the idea of making corresponding push and pop operations visible is not
restricted to pushdown systems of level 1. We define a level n nested pushdown tree (n-
NPT) to be a tree generated by a level n pushdown system (without collapse!) expanded

IRecently, P. Parys [2011] proved the uniform safety conjecture for level 2: there is a level 2 recursion scheme
that is not generated by any level 2 safe scheme.
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by a jump relation that connects every push of level n with the corresponding pop
operations (of level n).

This new hierarchy contains by definition expansions of higher-order pushdown
trees. Moreover, we show that the class of n-NPT is uniformly first-order interpretable
in the class of level n + 1 collapsible pushdown graphs.

We then study first-order model checking on the first two levels of this new hierarchy.
In particular, we provide a 2-EXPTIME alternating Turing machine deciding the model
checking problem for the class of 1-NPT. We already proved the same complexity bound
in [Kartzow 2009]. Here, we reprove the statement with a different technical approach
that generalises to the higher levels of the nested pushdown tree hierarchy.

Outline. Section 2 contains some basic definitions concerning first-order logic and
higher-order pushdown systems. Moreover, we recall the basics of Ehrenfeucht-Fraissé
games and explain how the analysis of strategies in these games can be used to derive
first-order model checking algorithms on certain classes of structures. In Section 3, we
then introduce the hierarchy of nested pushdown trees. We relate this hierarchy to the
hierarchies of pushdown trees and of collapsible pushdown graphs. From that point
on, we only focus on the first-order model checking problem for the first two levels of
the nested pushdown tree hierarchy. In Section 3.1, we explain the rough picture how
the ideas of Section 2.1 lead to a model checking algorithm for this class. We then give
an outline of the Sections 4-7 which provide the details of the correctness proof for
the model checking algorithm presented in Section 7. Finally, we give some concluding
remarks and point to open problems in Section 8.

2. PRELIMINARIES AND BASIC DEFINITIONS

We denote first-order logic by FO. The quantifier rank of some formula ¢ € FO is the
maximal number of nestings of existential and universal quantifiers in . We denote
by FO, the set of first-order formulas of quantifier rank up to p and by =, equivalence
of structures (with parameters) with respect to all FO, formulas. This means that for
structures 2,5 and parameters a € A", b € B", A, a =, *B, b if and only if for all p € FO,
(with n free variables), 2 = ¢(a) < B = ¢(b) holds.

The FO model checking problem on a class C asks for an algorithm that determines
whether 2l £ ¢ on input (2(,») where 2 € C and ¢ ¢ FO. In Section 2.1, we develop
a translation from dynamic-small-witness strategies in Ehrenfeucht-Fraissé games to
FO model checking algorithms on nice classes of structures. A dynamic-small-witness
strategy in the Ehrenfeucht-Fraissé game allows Duplicator to answer any challenge
of Spoiler by choosing some element with a short representation. In Section 2.2 we
introduce higher-order pushdown systems.

2.1. Ehrenfeucht-Fraissé Games and First-Order Model Checking

The equivalence =, has a nice characterisation via Ehrenfeucht-Fraissé games. Based
on the work of Fraissé [1954], Ehrenfeucht [1961] introduced these games which have
become one of the most important tools for proving inexpressibility of properties in
first-order logic. In this paper, we use a nonstandard application of Ehrenfeucht-
Fraissé game analysis to the FO model checking problem: strategies of Duplicator that
only choose elements with small representations can be turned into a model check-
ing algorithm. After briefly recalling the basic definitions, we explain this approach to
model checking in detail. In the main part of this paper, we will see that this approach
yields an FO model checking algorithm on the class of nested pushdown trees of level
2.
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Definition 2.1. Let 2(; and 2, be o-structures. For tuples

1 1 1 1 2

a' =ai,a3,...,al e AT and @* = a?,d3,..., a3, € AY'

2
m
<

we write a' — a® for the map that maps a} to a? for all 1 < i < m. In the n-round
2

Ehrenfeucht-Fraissé game on 2;,ai,a},...,qa;, and 2s,a},4a3,....a2, for al € A; there

are two players, Spoiler and Duplicator, which play according to the following rules.
The game is played for n rounds. The i-th round consists of the following steps.

(1) Spoiler chooses one of the structures, i.e., he chooses j € {1,2}. _
(2) Then he chooses one of the elements of his structure, i.e., he chooses some a’ ,. € A;.

m+i
. 3—j
(3) Now, Duplicator chooses some a; /. € A3_;.

Having executed n rounds, Spoiler and Duplicator have chosen tuples

—~1._ 1 1 1 m+n 2. 2 2 2 m+n
a :=aj,as,...,a.,,, € A" and a® :=ay,as,...,a5,,, € A;T".

Duplicator wins the play if f : @' — @ is a partial isomorphism, i.e., if f satisfies

(1) aj = aj ifand only if o} = a? for all 1< i < j <m+n, and
(2) for each R; € o of arity r the following holds: for i1, s, ..., 7, numbers between 1 and

m+n, A, al e Rixilxiz R if and Ol'lly if A, a’E Rixilxiz Iy

e

LEMMA 2.2 ([FRATSSE 1954; EHRENFEUCHT 19611]). Let 2y, QA be structures and
let a' €A}, a* €AY be n-tuples. Duplicator has a winning strategy in the p-round
Ehrenfeucht-Fraissé game on 21,a* and Az, a” if and only if Ay, a' =, As, a*.

In this paper we apply the analysis of Ehrenfeucht-Fraissé games to the FO model
checking problem. We use a variant of the notion of H-boundedness of Ferrante and
Rackoff [1979]. The existence of certain restricted strategies in the game played on two
identical copies of a structure yields an FO model checking algorithm.

We consider the game played on two copies of the same structure, i.e., the game on
2A,a' and 2,a* with identical choice of the initial parameter a' = a?> ¢ 2. Of course,
Duplicator has a winning strategy in this setting: she can copy each move of Spoiler.
But we look for winning strategies with certain constraints. In our application the
constraint is that Duplicator is only allowed to choose elements that are represented
by short runs of higher-order pushdown systems, but the idea can be formulated more
generally.

Definition 2.3. Let C be a class of structures. Assume that S®(m) c 2™ is a subset of
the m-tuples of the structure 2 for each 2 € C and each m € N. Set S := (S*(m) ) e 2tec-
We call S a constraint for Duplicator’s strategy. We say a strategy of Duplicator for
the game on 2, a and 2, a (for some 2 € C and some n-tuple a € 2") is S-preserving if
this strategy has the following property. If @ € S(n), then Duplicator’s strategy in the
first round answers any challenge b € 2 of Spoiler by some element b’ € 2 such that
a,b’ e S*(n+1).

We say Duplicator has an S-preserving winning strategy if for all 2( € C and all
n-tuple a € A™ she has a winning strategy for the game on 2,a and 2, a that is S-
preserving.

Remark 2.4. We write S(m) for S*(m) if 2 is clear from the context.

We now want to turn an S-preserving winning strategy of Duplicator into a model
checking algorithm. The idea is to restrict the search for witnesses of existential quan-
tifications to the sets defined by S. In order to obtain a terminating algorithm, S must
be finitary in the sense of the following definition.
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Definition 2.5. Given a class C of finitely represented structures, we call a con-
straint S for Duplicator’s strategy finitary on C, if for each 2 ¢ C we can compute a
monotone function fy such that for all n e N

— S%(n) is finite and S*(0) contains the empty tuple,

— there is a representation R(a) for each a € 2 such that for each (ay,...,a,) € S*(n)
(R(ay),...,R(ay)) can be stored in space fy(n), and

— the representations of tuples in S®(n) can be decided in DTIME( fo((n)).

If Duplicator has an S-preserving winning strategy for some constraint S, then for

every formula p(x1,x2,...,Zm+1) € FOp_m-1 and for all a € A™ with a € S(m) the follow-
ing holds:

there is an element a € A such that a,a ¢ S(m +1) and 2,a,a = ¢ 1)

iff there is an element a € A such that 2,a,a E ¢ (2)

iff A, a = 3z, 0. 3)

All implications except for (2) = (1) are trivial. This implication follows from the
definition of an S-preserving winning strategy applied to a game starting in position
A,a =, A, a. If Spoiler chooses any a’ € 2 such that 2,a,a £ ¢, then by definition
of S-preserving winning strategy, Duplicator may respond with some a € 2 such that
a,a € S(m+1) such that 2A,a,a =,,—,,—1 2A,a,a’.

Let us fix some class C of finitely represented structures and let S be some finitary
constraint on C such that Duplicator has an S-preserving winning strategy.

The alternating Turing machine described in Algorithm 1 solves the FO model
checking problem on C.? The correctness of the algorithm in basic cases is trivial, and
in the case of ¢ = Jxp; or ¢ = Vg, follows from the equivalence of (1) and (3) (ap-
plied to ¢; and -4, respectively). The running time of this algorithm on input (2, ¢)
is (fa(J¢]))? - || and it uses at most || many alternations where || denotes the length
of the formula ¢.

2.2. Higher-Order Pushdown Systems

In order to define what a level n nested pushdown tree is, we first have to introduce
pushdown systems of level n (n-PS).

An n-PS can be seen as a finite automaton with access to an n-fold nested stack
structure. This generalises the notion of a pushdown system by replacing a single
stack with a structure that is a stack of stacks of stacks ... of stacks. A nested stack of
level n can be manipulated by level | push and pop operations for each level [ < n. For
2 <[ < n, the level | push operation clone; duplicates the topmost entry of the topmost
level [ stack. The level 1 push operation push, writes the symbol o on top of the topmost
level 1 stack. For 1 < < n, the level | pop operation pop, removes the topmost entry of
the topmost level [ stack.

For some alphabet ¥, we inductively define the set of level n stacks over Y. (n-stacks),
denoted by X" as follows. Let X*! := ©* denote the set of all nonempty finite words
over alphabet 3. We then define X+("+1) .= (X+7)*,

Let us fix an (n + 1)-stack s ¢ ©*("*1) This stack s consists of an ordered list
51,82,...,5m € 57", If we want to state this list explicitly, we separate them by colons
writing s = s1 : s9 ¢ -+ : 8. By |s| we denote the number of n-stacks s consists of, i.e.,
|s| = m. We call |s| the width of s. We also use the notion of the height of s. This is
hgt(s) := max{|s;| : 1 < i <m}, i.e., the width of the widest n-stack occurring in s.

2Without loss of generality we assume first-order formulas to be generated from atomic and negated atomic
formulas only by disjunction v, conjunction A, existential quantification 3 and universal quantification V.
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SModelCheck
Input: a structure 2 , a formula ¢ € FO,, an assignment Z ~— a for tuples z,a of
arity m such that a € S(m)
if ¢ is a (possibly negated) atom then
| if A a = ¢(Z) then accept else reject;
end
if o = o1 vV @, then
if SModelCheck (2, a, p1) = accept then accept else
| if SModelCheck (%, a, p2) = accept then accept else reject;
end
end
if o = 1 Ao then
if SModelCheck (2, a, p1) = accept then
| if SModelCheck (2, a, p2) = accept then accept else reject;
end
else reject;
end
if ¢ = 3z, (Z,z) then
| guess an a € A with @,a € S(m + 1) and SModelCheck (2, aa,¢1);
end
if o = Vz,;¢1 then
| universally choose an a € 2 with a,a € S(m + 1) and SModelCheck (2, aa,¢1);
end

Algorithm 1: FO-model checking on S-preserving structures

Let s and s" be (n + 1)-stacks such that s = s1 : 531+ 1 5, € 2* "D and " = s} 1 s -+
s € »*+(n+1) We write s : s’ for the concatenation sy : so - Sy, : shisy s
If s e 2*("1) we denote by [s] the n-stack that only consists of a list of length 1 that

contains s. We regularly omit the brackets if no confusion arises.

Let ¥ be some finite alphabet with a distinguished bottom-of-stack symbol 1 € 3. The
initial stack 1, of level | over X is inductively defined by 11 :=[1] and 1, := [Lp,-1].
Before we formally define the stack operations, we introduce an auxiliary function

top,, that returns the topmost entry of the topmost k-stack. Let s = s : 55 :---: 5, € ™

be some stack and let 1 < k < [. We define the topmost level k — 1 stack of s to be
ED if k=1,

topy(s) := {topk(sn) otherwise.

Definition 2.6. Fors=s;:55:---:5, e X" foroe X~{1},for 1<k <landfor2<j<lI,

we define the stack operations

S1:83: i 8y-1:8p Sn ifj=10>2,
clonej(s) := .
51821+ 18,1 : clonej(s,) otherwise.
so ifi=1
h = ’
push, (s) {51 1891 8p-1:push,(s,) otherwise.
S1:89: 81 :popy(sy) if k<,
popy(s) =481 8211 8p1 ifk=Il,n>1,
undefined otherwise, i.e.,k=1,n=1.

The set of level | operations is denoted by OP;.
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For 2 <i<nand o eX, we call push, a push of level 1 and clone; a push of level :.

For stacks s, s’ we write s < s’ and say s is a substack of s’ if s is generated from s’ by
application of a sequence of pop operations (of possibly different levels). Note that on
1-stacks, i.e., on words, < coincides with the usual prefix relation.

Having defined [-stacks, we present pushdown systems of level [.

Definition 2.7. A pushdown system of level [ (I-PS) is a tuple S = (Q, %, A, qo) where
Q is a finite set of states, X a finite stack alphabet with a distinguished bottom-of-stack
symbol L € ¥, ¢ € @ the initial state, and A ¢ @ x X x Q x OP; the transition relation.

An I-configuration is a pair (¢, s) where ¢ € Q and s € ©*'. For ¢;,¢2 € Q, 5, ¢ ©* and
for § = (q1,0,q2,0p) € A, we define the J-relation ° as follows. Set (q1,5) +° (g2,t) if
op(s) =t and top, (s) = 0. We call ~:= Usca H° the transition relation of S.

Definition 2.8. Let S be an [-PS. A run p of S is a sequence of configurations that
are connected by transitions, i.e., a sequence

& 32 5 8

co- 1 cy - = ey

We also write p(i) := ¢; for the i-th configuration occurring within p. We call n the length
of p and set len(p) := n. If some run = is an initial segment of the run p, we write 7 < p.
We write w < p if 7 is a proper initial segment of p.

If 7 and p are runs

51 5a 5 8

mT=CcokF  "Cc1+F"~"cCco+ =" ey

p=cn }_5n+1 Cnal }_5n+2 Cnad }_5n+3 '_§n+7n Crtms

then we denote by 7 o p the composition of 7 and p which is the run from ¢y to ¢, 4m
defined by

51 52 5, 6

Top=corol ¢y K2 ¢y - o e, |_5n+1 Cral |_5n+2 Crad |_5n+3 '_57L+'m, Crmn.-

3. THE NESTED PUSHDOWN TREE HIERARCHY

Generalising the definition of nested pushdown trees (cf. [Alur et al. 2006]), we define
a hierarchy of higher-order nested pushdown trees. A nested pushdown tree is the
unfolding of the configuration graph of a pushdown system expanded by a new relation
(called jump relation) which connects each push operation with the corresponding pop
operations. Since higher-order pushdown systems have push and pop operations for
each stack level, there is no unique generalisation of this concept to trees generated
by higher-order pushdown systems. We choose the following (simplest) version: we
connect corresponding push and pop operations of the highest stack level. This choice
ensures that the jump edges form a well-nested relation. We discuss possible other
choices for the definition at the end of this section.

Definition 3.1. Let N = (Q,%, qo,A) be an n-PS. The level n nested pushdown tree
(n-NPT) NPT(N) = (R, (F%)sca, ~) is the unfolding of the pushdown graph of N from
its initial configuration expanded by a new jump relation ~ which is formally defined
as follows.

— R is the set of all runs of N that start in the initial configuration (qo, L,,) of N/,
— - contains a pair of runs (py, p2) if p2 = p1 o p’ for some run p’ of length 1 such that
p' = p1(len(p1)) 0 ¢ for some configuration ¢, and
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— ~ s the binary relation such that p; ~ ps if p5 decomposes as p, = p; o p for some run
p of length m > 2 starting and ending in the same stack s such that
p(0) and p(1) are connected by a level n push operation,
p(m —1) and p(m) are connected by a level n pop operation, and
p(i) #(g,s) forall1<i<mandall §e Q.

We use - as abbreviation for the union := Usea 0.

Remark 3.2. Note that for all po € NPT(N) there is at most one p; € NPT(N) with
p1 ~ p2, but for each p; € NPT(N) there may be infinitely many p, € NPT(N) with

P1 ~pP2.
Example 3.3. Consider the 2-PS N =(Q, %, qp, A) with
_Q = {QOJ]laCIz},
—¥={l,a},and
—A= {(QOa 1L,q1, ClOI’IEQ), (qla 1,41, pUSha)a (qh a,qi, pUSha)» (Q17 a,qz, p0p2)}
The 2-NPT N is the graph NPT(N) depicted in Figure 3.3.

w

= 2 2

Fig. 1. Example of a 2-NPT (edge labels are omitted)

For each | < I’ the class of nested pushdown trees of level | are uniformly first-order
interpretable in the class of nested pushdown trees of level I’. If [ = 1, one just replaces
any push, transition by a clone; transition followed by a push,, transition. Furthermore,
one replaces each pop, transition by a pop; transition. In all other cases, we just re-
place clone; and pop; by clone;; and popy,.

Comparison of Nested Pushdown Tree Hierarchy and Other Hierarchies. The hier-
archy of higher-order nested pushdown trees is a hierarchy strictly extending the hier-
archy of trees generated by higher-order pushdown systems (without e-contraction!).
Furthermore, it is first-order interpretable in the collapsible pushdown graph hier-
archy.®> We now sketch the proof of this claim. Fix an [-PS . N generates an [-NPT
M. Each node of 9 represents a run of N starting in the initial configuration. A run
can be seen as a list of configurations. This is a list of pairs of states and stacks. Push-
ing the state on top of the stack, a run can be represented as a list of [-stacks. Let
$1,82,83,...,5, be the stacks representing some run. Then sy :s5:--: s, is an (I + 1)-
stack representing the run. In this representation, an edge in the [-NPT corresponds

3The hierarchy of collapsible pushdown graphs is the class of configuration graphs of collapsible pushdown
systems (cf. [Hague et al. 2008]). Collapsible pushdown systems of level | are defined analogously to [-PS but
with transitions that may also use a stack-operation called collapse. This new operation summarises several
pop operations.
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to the extension of sy : s9 : -+ : 5, to alist s;:59:--: 5, : 5,41 Where s,,,1 is generated
from s,, by removing the state written on top of s,,, applying a stack operation and writ-
ing the new final state on top of the stack. Hence, we can use this representation and
define a level (I +1)-PS S such that the tree generated by N is first-order interpretable
in the configuration graph of S. We interpret each edge of NPT(N') as a path of length
4 in the configuration graph of S. Such a path performs the operations clone,, - pop; -
op - push, for some level [ operation op. Replacing S by a certain collapsible pushdown

system S, we can generate the same graph but with additional collapse-transitions
that form exactly the reversals of the jump edges of 9. This means that if a, b € 9 such
that a ~b, and o', are the representatives of a and b in the configuration graph of S,
then there is a collapse edge from b to a. A detailed proof of this claim can be found in
[Kartzow 2011].

Of course, these observations immediately lead to the following questions concerning
the relationship between nested pushdown trees and collapsible pushdown graphs. In
the following, we use the term interpretation for any kind of logical interpretation that
allows to transfer properties definable in some fixed logic from one class to another.

(1) Can level n nested pushdown trees be interpreted in the class of level n col-
lapsible pushdown graphs? We have a weak conjecture that the answer to this ques-
tion is no. Since n-NPT contain the trees generated by n-PS, they seem to be on level
2.5 with respect to graph hierarchies: recall that the graphs of (n + 1)-PS are obtained
from the graphs of n-PS using an unfolding followed by a monadic second order in-
terpretation. The unfolding operation yields the class of trees of n-PS. In this sense,
n-NPT expand level n + % of the pushdown graph hierarchy and we conjecture that
even this class is not interpretable in collapsible pushdown graphs of level n.

(2) Is there a meaningful notion of logical interpretation that allows to interpret the
class of collapsible pushdown graphs of level n + 1 (or n) in the class level n nested
pushdown trees? Note that we know that collapsible pushdown graphs of level 3 are
not first-order interpretable in 2-NPT because the former do not enjoy decidable first-
order theories while the latter do. Also note that collapsible pushdown graphs of level
1 are just pushdown graphs and level 1-NPT expand the unfoldings of such graphs. As
discussed in question (1), we expect that there is no interpretation of level 1 collapsible
pushdown graphs in 1-NPT. Thus, we tend to expect that the answer to both questions
is no, but further investigation is needed for clarification.

Other possible definitions of n-NPT. For the definition of jump edges, one could con-
sider push operations of every level | < n. Here the following possibilities seem to be
plausible.

(1) Connect runs p; and ps if p2 extends p; by a run p such that p starts with a push;-
operation and ends with a pop, operation that removes the [ — 1 stack created in the
first transition of p. We expect that this definition would still allow an interpretation
of n-NPT in collapsible pushdown graphs of level n + 1 as described in the previous
paragraph but one has to be very careful because one has to distinguish between level
[ — 1 stacks that were created using push, and copies of such a stack that were created
by some push;, for I’ > I. Our proof of the decidability of the first-order model checking
on 2-NPT also generalises to this extended case: for each of our lemmas there is an
analogous version for the case involving jump edges of level 1, but the technical details
in each proof are more complicated. For this reason we restrict our presentation to the
simpler model allowing jump edges only on the highest level.

(2) A jump edge starts in each branch whenever we perform a push operation of any
level and it points to the first descendant along this branch where the newly created
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stack disappears for the first time. As opposed to the previous possibility, here we
would have a jump edge from p to p ~PU" ¢/ -P°Pv ¢ if [’ > [. This choice leads to fairly
complicated structures. In the models discussed before, the indegree is always bounded
by 2. In this version of nested pushdown trees the indegree is finite but unbounded
because many push; operations may have the same corresponding pop; operation if
" > 1. In particular, it seems to be difficult (or impossible) to find an interpretation of
this version in the class of collapsible pushdown graphs. The given interpretation for
the version that we chose relies heavily on the functionality of the inverse jump edges.
We do not know whether the techniques presented in this paper can be adapted to
treat this case as well.

3.1. Towards Model Checking on Level 2 NPT

In the following, we develop an FO model checking algorithm on 2-NPT. In fact, we
prove that the general approach via the dynamic-small-witness property developed in
Section 2.1 is applicable in this case. In other words, we prove that we can compute a
finitary constraint for Duplicator’s strategy on an arbitrary 2-NPT 91.

Fix some 2-PS N of level 2 and set 91 := NPT(N'). We show the following. If 0, p = 3z
for some formula ¢ € FO, then there is a short witness p € 91 for this existential quanti-
fication. Here, the length of an element is given by the length of the run representing
this element. We consider a run to be short if its size is bounded in terms of the length
of the runs representing the parameters p.

We stress that locality arguments in the spirit of Gaifman’s theorem do not apply in
this setting: the jump edges tend to make the diameter of 2-NPT small (recall that the
2-NPT in figure 3.3 has diameter 4).

The rough picture of our proof is as follows. We analyse the a-round Ehrenfeucht-
Fraissé game on two copies of 91 and show that Duplicator has a restricted winning-
strategy. Our main technical tool is the concept of relevant ancestors. For each element
of M, the relevant /-ancestors are a finite set of initial subruns of this element. Intu-
itively, some run p’ is a relevant l-ancestor of a run p if it is an ancestor of p which
may be connected to p via a path of length up to ! that witnesses the fact that p’ is
an ancestor of p. It turns out that there are at most 4' such ancestors. Surprisingly,
the set of 2!-ancestors characterises the FO;-type of p. Thus, Duplicator has a winning
strategy choosing small runs if for every element of 91 there is a small one that has an
isomorphic set of relevant ancestors.

The analysis of relevant ancestors reveals that a relevant ancestor p; is connected to
the next one, say p., by either a single transition or by a run = of a certain kind. This
run 7 satisfies the following conditions: p, decomposes as py = p; o 7, the initial stack
of 7 is s : w where s is some stack and w is some word. The final stack of 7 is s: w: v
for some word v and 7 does never pass a proper substack of s : w.

Due to this result, a typical set of relevant ancestors is of the form

P1< P2 <P3 << Pm=pP,

where p,, ;1 extends p,, by either one transition or by a run that extends the last stack

of p, by a new word v. If we want to construct a short run p’ with isomorphic relevant

ancestor set, we have to provide short runs
PL<po<py<-<pp=p

where p/ ., extends p, in exactly the same manner as p, ., extends p,.

We first concentrate on one step of this construction. Assume that p; ends in some
configuration (¢, s : w) and p, extends p; by a run creating the stack s: w: v. How can
we find another stack s” and words w’,v" such that there is a short run pj to (¢, s’ : w")
and a short run p}, that extends p}] by a run from (g, s’ : w’) to the stack s’ : w’: v'?
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We introduce a family of equivalence relations on words that preserves the existence
of such runs. If we find some w’ that is equivalent to w with respect to the i-th equi-
valence relation, then for each run from s : w to s : w : v there is a run from s’ : w’ to
s":w’ v’ for v and v’ equivalent with respect to the (i — 1)-st equivalence relation.

Let us explain these equivalence relations. Let p; be a run to some stack s : w and let
p2 be a run that extends p; and ends in a stack s : w : v. We can prove that this extension
is of the form op,, 0\, 00p,,_; 0 A,—10---00p; 0\ Where the \; are loops, i.e., runs that start
and end with the same stack and op,,,0p,,_1, - - -, 0p; is the minimal sequence generating
s:w: v from s : w. Thus, we are especially interested in the loops of each prefix pop¥ (w)
of w and each prefix pop} (w’) of w’. For this purpose we consider the word models of w
and w’ enriched by information on runs between certain prefixes of w or w’. Especially,
each prefix is annotated with the number of possible loops of each prefix. w and w’
are equivalent with respect to the first equivalence relation if the FO,-types of their
enriched word structures coincide. The higher-order equivalence relations are then
defined as follows. We colour every element of the word model of some word w by the
equivalence class of the corresponding prefix with respect to the (i — 1)-st equivalence
relation. For the i-th equivalence relation we compare the FO-types of these coloured
word models. This means that two words w and w’ are equivalent with respect to the
i-th equivalence relation if the FO.-types of their word models expanded by predicates
encoding the (i - 1)-st equivalence class of each prefix coincide.

This iteration of equivalence of prefixes leads to the following result. Let w and w’
be equivalent with respect to the i-th relation. Then we can transfer runs creating :
words in the following sense: if p is a run creating w : vy : v : -+ : v; from w, then there
is a run p’ creating w’ : v{ : vy : ---: v] from w’ such that v, and v, are equivalent with
respect to the (i — k)-th relation. This property then allows us to construct isomorphic
relevant ancestors for a given set of relevant ancestors of some run p. We only have to
start with a stack s’ : w’ such that v’ is i-equivalent to the topmost word of the minimal
element of the relevant ancestors of p for some large i € N.

This observation reduces the problem of constructing runs with isomorphic relevant
ancestors to the problem of finding runs whose last configurations have equivalent
topmost words (with respect to the i-th equivalence relation for some sufficiently large
i) such that one of these runs is always short.

We solve this problem by developing shrinking constructions that allow the preser-
vation of the equivalence class of the topmost word of the final configuration of a run
while shrinking the length of the run.

Putting all these results together, for every nested pushdown tree of level 2, we can
compute a finitary constraint S such that Duplicator has an S-preserving strategy.
This shows that the general model checking algorithm from Section 2.1 solves the the
FO model checking problem on 2-NPT.

3.2. Outline of the Proof Details

In the next section, we discuss the theory of loops first developed in [Kartzow 2010].
We also develop shrinking lemmas for long runs. Then we introduce the central notion
of relevant ancestors and develop some basic theory concerning these sets in Section 5.
In Section 5.2 we define equivalence relations on words and trees which can be used
to construct runs with isomorphic relevant ancestors. In Section 6, we first lift these
equivalences on stacks to equivalences on tuples of elements of 2-NPT by pairwise
comparison of the equivalence type of the topmost stacks of each relevant ancestor of
each element in the tuples. We then prove that the preservation of equivalence classes
of relevant ancestors is a winning strategy in the Ehrenfeucht-Fraissé game. Further-
more, Duplicator can always choose small representatives. Finally, in Section 7 we
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derive an FO model checking algorithm on 2-NPT. In that section we also show that
this algorithm restricted to the class of all 1-NPT is in 2-EXPSPACE. Unfortunately,
we do not obtain any complexity bounds for the algorithm on the class of 2-NPT.

4. SHRINKING LEMMAS FOR RUNS OF 2-PS

In this section, we analyse runs of 2-PS between certain configurations. Especially, we
look at runs starting at the initial configuration and at runs extending its starting
stack s by some word w € X%, i.e., runs starting in s and ending in s : w that do not visit
substacks of s. If there is a run p of one of these types, we will see that there is also
a short run p’ with the same initial and final configuration as p. “short” means that
len(p”) is bounded by some function depending on the pushdown system, on the width
and height of s and on the length of w. We first developed this theory in [Kartzow 2010].
We briefly recall this theory and sketch the main proofs. For a detailed presentation,
see [Kartzow 2011].

We first introduce the concept of milestones and generalised milestones of a 2-stack
s. A stack ¢ is a generalised milestone of s if every run of every 2-PS that leads from
the initial configuration to s has to pass ¢t. Milestones are those generalised milestones
that are substacks of s. Generalised milestones of s induce a natural decomposition
of any run from the initial configuration to some configuration with stack s. Due to a
result of Carayol (that we state soon), generalised milestones can be characterised as
follows.

Definition 4.1. Let s = wy :ws : --- : wy, be a 2-stack. We define the set of generalised
milestones of s, denoted by GMS(s), as follows. A stack m is in GMS(s) if

m=wyp: wy: Wi Vg1 Where0$i<k,
w; Mw;1 < vi41 and
Vit1 S Wj OF Vjp1 < Wiy

where w rnv denotes the maximal common prefix of w and v. If v;,1 < w;41, we call m a
milestone of s. The set of milestones of s is denoted by MS(s).

Remark 4.2. Note that |GMS(s)| < 2 hgt(s) - |s|.

In order to show that this definition fits our informal description, we define the
notions of loops and returns. Loops appear as a central notion in our formulation of
Carayol’s result. Moreover, the theory of loops and returns is also the key ingredient to
our shrinking constructions. We will generate short runs from longer ones by replacing
long loops by shorter ones.

Definition 4.3. Let s =t : w be some stack with topmost word w and ¢,¢' € Q. A
run ) from (¢, s) to (¢, s) is called loop if it does not pass t. It is called a high loop if it
additionally does not pass pop;(s). A run p from (q,t : w) to (¢’,t) is called return if it
visits ¢ only in its final configuration.

The following lemma of Carayol shows that generalised milestones and loops play a
crucial role in understanding the existence of runs.

LEMMA 4.4 ([CARAYOL 2005]).

(1) For each stack s there is a minimal sequence of operations op;,ops,...,0p,, €
{push,, popy,clones} such that s = op,,(op,,_; (... (op;(12))...)).

(2) For each 0 < j < n, the stack op,;(op,_;(...opy(12))) is a generalised milestone of s
and every generalised milestone is generated by such a sequence.

(3) Furthermore, every run p from (qo,12) to s passes all generalised milestones of s.
More precisely, p decomposes as p=Ajopiodgopao...0N\,0p,0N\,11, Where p;isa
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run of length 1 that performs the operation op, and \; is a loop of the i-th generalised
milestone of s.

Thus, loops play a crucial role in understanding the existence of runs from one con-
figuration to another. Moreover, returns and loops of smaller stacks provide a natural
decomposition of loops. Hence, counting the number of loops and returns of certain
stacks can be used in order to count the number of runs between certain configura-
tions. We define the following notation concerning counting loops and returns up to
some threshold k € N.*

Definition 4.5. LetS = (Q,%,qr,A) be a 2-PS. Let #Ret%(s): QxQ —» {0,1,...,k} be
the function that assigns (g¢,q’) to the number of returns from (g, s) to (¢’, pop,(s)) up
to threshold k. Analogously, let #Loop%(s) and #HLoopk (s) count the loops and high
loops, respectively, from (g, s) to (¢, s) up to threshold k.

If S is clear from the context, we omit it and write #Loop” for #Loopg, ete.

Remark 4.6. Note that loops and returns of some stack s : w never look into s.
Hence, #Loop®(s : w) = #Loop” (¢ : w) for every word w and arbitrary stacks s and ¢.
If s and ¢ are both nonempty stacks, the analogous statement holds for #Ret”. Thus,
we will write #Loop®(w) for #Loop” (s : w) where s is an arbitrary stack. Analogously
#Ret”(w) := #Ret” (s : w) for any nonempty stack s.

The numbers of loops and of returns of some stack s inductively depend on the num-
ber of loops and returns of its substacks. In preparation for the proof of this observation
we recall the notion of stack replacement introduced in [Blumensath 2008].

Definition 4.7. For some level 2 stack ¢ and some substack s < ¢ we say that s is a
prefix of t and write s qt, if there are n < m € N such that s = wy : wg : -+ : w,—1 : w, and
t=wy Wy Wyt Uy Ups1 - Uy such that w, < v, for all n < j < m. This means
that s and ¢ agree on the first |s| - 1 words and the last word of s is a prefix of all other
words of ¢. We extend this definition to runs by writing s<p if p is some run and s ¢,
for ¢; the stack at p(47) and for all i € dom(p).

Let s,t,u be 2-stacks such that s 4t. Assume that

S=W1 W2 Wp-1 - Wn,
t=wWy:Wa - Wpoy : Up i Upg1 i- - Upy, and
U=T1 129 1 Tp

for numbers n,m,p € N with n < m. For n < i < m, let 0; be the unique word such that
v; = wy, 0 ;. Set

sfuli= 1wy sy (2,0 0,) (20 ) o (2 0 1)
and call t[s/u] the stack obtained from t by replacing the prefix s by u. For ¢ = (¢,t) a
configuration, set c[s/u] := (¢, t[s/u]).

LEMMA 4.8 ([BLUMENSATH 2008]). Let p be a run of some 2-PS S. Let s,u € ¥*2
be stacks such that s<dp and top,(u) = top,(s). Then the function p[s/u] defined by
pls/u](?) := p(i)[s/u] is a run of S.

We extend the notion of prefix replacement to runs that are s-prefixed at the beginning

and at the end and that never visit the substack pop,(s). Such a run may contain
“holes”, i.e., parts that are not prefixed by s. We show that these holes are always

4Counting the size of a set up to some threshold k& ¢ N means that we assign the value k to the set if it
contains at least k elements, i.e., k& stands for “k or more”.
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loops or returns. Thus, we can replace a prefix by another one if these two share the
same types of loops and returns. The following lemma prepares this new kind of prefix
replacement.

LEMMA 4.9. Let N be some 2-PS and let p be a run of N of length n. Let s be a stack
with topmost word w = topy(s) such that

$4p(0),s<p(n), and |s| < |p(i)| for all 0 <i < n.
There is a unique sequence 0 = ig < jo <41 < j1 < < lm-1 £ Jm-1 < im < Jm = n such that

(1) s<4pliy e for all 0< k <m and
(2) topy(p(jr+1)) = popy(w), plijy ir,.] IS €ither a loop or a return, and ply;, ;..,1 does not

visit the stack of p(ji) between its initial configuration and its final configuration
forall 0 <k <m.

PROOF. If sdp, then we set m := 0 and we are done.

Otherwise, we proceed by induction on the length of p. There is a minimal position
jo+1such that s#p(jo+1). By assumption on s, p(jo + 1) # popy(s). Thus, top,(p(jo)) = w
and t0p2(p(j0 +1)) = pop; (w). Now, let i; > jo be minimal such that s < p(zl) Concerning
the stack at i; there are the following possibilities.

(1) If p(i1) = popy(p(jo)) then ply;, 4,7 is a return.

(2) Otherwise, the stacks of p( ]0) and p(i;) coincide whence pl|;, ;,] is a loop (note that
between j, and i the stack pop,(p(jo)) is never visited because i; is minimal, we
are not in the first case, and by assumption |s| < |p(i1)).

P11y n] 18 shorter than p. Thus, it decomposes by induction hypothesis and the lemma
follows immediately. O

This lemma gives rise to the following extension of the prefix replacement for pre-
fixes s,u where s and u share similar loops and returns.

Definition 4.10. Let s be some stack and p be a run of some 2-PS A such that
s4p(0), sdp(len(p)) and |s| < |p(¢)| for all ¢ € dom(p). Let u be some stack such that
top, (u) = top, (s), #Loop' (u) = #Loop' (s) and #Ret' (u) = #Ret' (s).

Let 0 =49 < jo <i1 <j1 < <fmo1 < Jm-1 < im < Jm = len(p) be the sequence corres-
ponding to p in the sense of the previous lemma. We set (g, si) := p(jx) and (g, s},) =
p(ix+1). By definition, ply;, ;..,1 is a loop or a return from (qx,sx) to (g;,s;) and
topy(sx) = topy(s) and s<sy. Thus, topy(si[s/u]) = topy(u). Since #Ret'(u) = #Ret' (s)
and #Loop' (u) = #Loop' (s), there is a run from (gx, s[s/u]) to (g4, 1, sk, [5/u]). We set
pi. to be the length-lexicographically shortest run from (g, si[s/u]) to (qi,;, sk, [5/u]).®

Then we define the run p[s/u] by

plsfu] = plii go[s/ul o po o pliay iy [s/ul o pro---0 pm-y o plys, . [8/u]-
Remark 4.11. Note that p[s/u] is a well-defined run from p(0)[s/u] to p(len(p))[s/u].

Next, we turn to the analysis of loops and returns. In this part, we show that for each
2-PS there is a function relating the height of the topmost word of a stack with a bound
on the length of the shortest loops and returns of this stack.

First, we characterise loops and returns in terms of loops and returns of smaller
stacks. The proof is completely analogous to the proof of Lemma 4.9. Every loop or
return of some stack s decomposes into parts that are prefixed by s and parts that are

5We assume A to be equipped with some fixed but arbitrary linear order.
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returns or loops of stacks with topmost word pop, (top,(s)). This observation gives rise
to the observation that the numbers of loops and of returns of a stack s only depend on
its topmost symbol and the number of loops and returns of pop, (s).

LEMMA 4.12. Let p be some return from some stack s : w to s of length n. Then there
is a unique sequence 0 = ig < jo < i1 < j1 <+ < lm-1 < Jm-1 < tm < jm = n such that the
following holds.

(I) s:wdply, j, forall 0 <k <mand
(2) pljp+1,inea] IS @ return from some stack s’ : pop, (w) to s'.

Let )\ be some loop of length n starting and ending in some stack s : w. Then there is
a unique sequence 0 = ig < jo < i1 < j1 < -+ < b1 € Jm-1 < im < jm = n such that the
following holds.

(1) s:wd Ay, . forall 0 <k <mand

(2) AMju+1,in,1] IS €ither a return starting in some stack s’ : pop,(w) or it is a loop of
pop; (s : w) followed by a pushy,, (., transition. In this case A\(ji + 1) is the first and
A(igs1 — 1) is the last occurrence of s : pop,(w) in A

Remark 4.13. Note that property (2) of the characterisation of returns implies that
P! jr.insa] 18 @ return from some stack s’ : w to s’. Similarly, property (2) of the charac-
terisation of loops implies that Ay, ;,.,1 is a return from some stack s’ : w to s’ or a
loop of s containing all occurrences of pop;(s) in the run A. In particular, there is at
most one k such that A, ;..,71s a loop.

This lemma gives rise to the inductive computation of the number of loops and returns
of a stack.

PROPOSITION 4.14. Given some 2-PS S, #Loop" (w) and #Ret”(w) only depend on

top, (w), pop; (topy(w)), #Loop" (pop; (w)), and #Ret" (pop, (w)). Moreover, #HLoop" (w)
only depends on top, (w) and #Ret" (pop, (w)).

PROOF SKETCH. We only consider the return case and prove the following claim.
Let s : w and ¢’ : w’ be stacks such that s and s’ are nonempty, top, (w) = top, (w’),

and #Ret" (pop, (w)) = #Ret*(pop,(w’)). We have to show that the number of returns
of s :w and of &' : w' coincide, i.e., #Ret" (w) = #Ret" (w").
For reasons of simplicity, we assume that R(q,q’) := #Retk(pop1 (w))(q,q") < k for

’ 7 4
each ¢,¢' ¢ Q and we fix an enumeration p{?,pd*? ,...,p‘g?q )

(g, s :popy(w)) to (¢, s). Similarly, let p‘f’q’,ﬁg’q,, . ’ﬁ%?;,q’) be an enumeration of the
returns from (g, s’ : pop; (w')) to (¢, s’).

In the following, we construct for each return from (gq1,s : w) to (g2,s) a re-
turn starting in (¢;,s" : w’) and ending in (¢2,s’). Let p be such a return and
let 0=1ip<jo<i1<j1 < <im1 < Jm-1 <im < Jm be the unique sequence according to
Lemma 4.12. Now, py, := ply;, j,] is prefixed by s : w and ends in topmost word w.
Hence, there is a run py := pi[s : w/s’ : w'] ending in topmost word w’. Furthermore,
Tk = Pljp,inea] 18 @ pop; transition followed by a return oy. Since o} starts with top-

most word pop, (w), it is equivalent to some pf’q' in the sense that it performs the same

of the returns from

transitions as p?’q,. Now let 6, be the return that copies the transitions of ﬁ?’q, and
starts in (g, pop;(4k)). Since top; (w) = top;(w') we can define a run 7, that starts in
the final configuration of j; performs the same first transition as 7, and then agrees
with 6’;9.
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It is straightforward to prove that p := pg o 7go py 00 pp_1 © 1 © fip is a return
from (q1,s" : w') to (ga,s"). Furthermore, this construction transforms distinct returns
from (gq1,5: w) to (gz,s) into distinct returns from (q;,s” : w’) to (¢2,s"). Hence, there
are at least as many returns from (q;,s": w’) to (¢2,s") as from (q1,s: w) to (go, s).

Reversing the roles of s : w and s’ : w’ we obtain the reverse result and we conclude

that #Ret"(w)(q1,¢2) = #Ret"(w')(q1,¢2). O

PROPOSITION 4.15. There is an algorithm that, on input some 2-PS S and a nat-
ural number k, computes a function LL‘,? :N - N with the following properties.

(1) For all stacks s, all q1,q2 € Q and i := #Loop”(s)(q1, ¢2), the length-lexicographically
shortest loops \1,...,\; from (q1,s) to (g2,s) satisfy len();) < LLS (top,(s)]) for all
1<j<i.

(2) Ifthere is a loop X from (q1,s) to (g2, s) with len()\) > LL ([top,(s)|), then there are k
loops from (q1,s) to (g2, popy(s)) of length at most LLS (Jtopy(s)|).

Analogously, there are functions RL‘,? :N > Nand HLL‘,f :N - N (computable from S)
that satisfy the same assertions for the set of returns and high loops, respectively.

PROOF SKETCH. Again, we only sketch the proof for the case of returns.

The previous proof showed that for stacks s : w and s’ : w" with top; (w) = top; (w")
and #Ret®(w) = #Ret"(w’) the returns of s : w and of s’ : w’ are closely connected
via the replacement [s : w/s’ : w']. A return from s : w to s decomposes into parts
prefixed by s : w and parts that are returns of stacks with topmost word pop, (w). It is
a straightforward observation that the k shortest returns from s : w to s only contain
returns from stacks with topmost word pop, (w) among the k shortest of such returns.
Furthermore, the decomposition of returns of s : w and s’ : w’ agree on their s : w-
prefixed and s’ : w’-prefixed parts in the sense that they perform the same transitions.
Now, let R(q1,q2) = #Retk(w)(ql, q2) and let p1, pa, ..., PRr(q, ) e the R(q1,q2) shortest
returns from (q;, s : w) to (g2, s). Let m(p;) denote the number of positions in p; that are
s : w prefixed and let n(p;) denote the number of returns from stacks with topmost word
pop; (w) occurring in p;. Let m be the maximum over all m(p;) and n the maximum
over all n(p;). Analogously to the proof of the previous proposition, we can construct
#Ret”(w')(¢1, q2) many returns from (g1, s" : w') to (g2, s’) that have at most m positions
that are s’ : w’ prefixed and that contain at most n many returns of stacks with topmost
word pop, (w'). Thus, if we have already defined RL{ (Jpop;(w’)|), then the shortest
#Ret”(w')(q1, q2) many returns from (g1, s’ : w') to (g2, s’) have length at most m + n -
RL3 (Ipop, (w")])-

Due to the previous lemma, we can compute a maximal finite sequence of words
wy,wa, ..., wy such that for each pair w;,w;, top,(w;) # top;(w;) or #Ret"(w;) #
#Ret" (w;).

Repeating this construction for each of these words, we obtain numbers m; and n; for
each 1 <i < k. Set mpayx := max{m; : 1 <i < k} and nyax := max{n; : 1 <4 < k}. Since for
any word w there is some i < k such that top, (w) = top, (w;) and #Ret"(w) = #Ret" (w;)
the shortest #Ret”(w)(q1,¢2) many returns from (gi,s" : w) to (gz,s') have length at
most

mi + n; - RLE (Ipopy (")) € Munax + M - RLE (Jpopy (w)]).-

Thus, setting RLf(O) :=0 and RLf(n +1) := Mmax + Nmax © RLf(n) settles the claim. O
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Remark 4.16. Note that we do not know any bound on m,,,x and n,,,, in terms of
|S.

We conclude this section with two corollaries that allow us to shrink runs between
certain configurations. These corollaries are important in the proof that 2-NPT have
the dynamic-small-witness property.

COROLLARY 4.17. Let S be some level 2 pushdown system. Furthermore, let (q,s)
be some configuration and p1,...,p, be pairwise distinct runs from the initial config-
uration to (q,s). There is a run p; from the initial configuration to (q,s) such that the
following holds.

(1) p1#pifor2<i<nand
(2) len(p1) <2-]s|- hgt(s)(1 +LLS (hgt(s))).

PROOF. Iflen(p;) < 2-|s| - hgt(s)(1 + LLS (hgt(s))), set p; == p1 and we are done. Oth-
erwise, Remark 4.2 and Lemma 4.4 implies that p; decomposes as

Pl=/\O°0P10)\10"'°>\m—1°0Pm°)\m

where every ); is a loop, every op; is a run of length 1, and m < 2-|s|- hgt(s). Proposition
4.15 implies the following: If len(\;) > LLS (hgt(s))), then there are n loops from X;(0) to

Ai(len();)) of length at most LLS (hgt(s))). At least one of these can be plugged into the
position of \; such that the resulting run does not coincide with any of the ps, ps, ..., pn.

In other words, there is some loop )/ of length at most LLS (hgt(s))) such that
1= A0 00pP; 0 A1 0:-00pP; 0\ 00P,;,1 0 A1 © 10 A1 ©0P,y, © Ay

is a run to (g, s) distinct from ps, p3 ..., p, and shorter than p;. Iterated replacement of
large loops results in a run p{ with the desired properties. O

We state a second corollary that is quite similar to the previous one but deals with
runs of a different form. These runs become important in Section 6.

COROLLARY 4.18. Let p1,pa,...pn be runs from the initial configuration to some
configuration (q,s). Furthermore, let w be some word and pi,ps,...p, be runs from
(q,8) to (¢',s : w) that do not visit proper substacks of s. If p1 o p1,p20 p2,...,pPn © pPn
are pairwise distinct, then there is a run p) from (q,s) to (¢’,s : w) that satisfies the
following.

(1) pidoes not visit a proper substack of s,
2) len(p}) <2-hgt(s:w)- (1+LLS (hgt(s: w))), and
(3) p1 0 p] is distinct from each p; o p; for 2<i<n.

PROOF. It is straightforward to see that p; decomposes as
P1=A000p; ©A10:-0 N1 00p,, ° Ay,

where every J; is a loop and every op; is a run of length 1 such that m < 2 hgt(s : w).
Now apply the construction from the previous proof again. O

5. RELEVANT ANCESTORS

This section aims at identifying those ancestors of a run p in a 2-NPT 9t that character-
ise its FOg-type. We show that only finitely many ancestors of a certain kind already
fix the FO,-type of p. We call these finitely many ancestors the relevant 2%-ancestors of

p-
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5.1. Definition and Basic Observations

Before we formally define relevant ancestors, we introduce some sloppy notation con-
cerning runs. We apply functions defined on stacks to configurations. For example if
¢ = (q,s) we write |c| for |s| and pop,(c) for pop,(s). We further abuse this notation by
application of functions defined on stacks to runs, meaning that we apply the func-
tion to the last stack occurring in a run. For instance, we write top,(p) for top,(s) and
|p| for |s| if p(len(p)) = (¢, s). In the same sense one has to understand equations like
p(4) = pop, (s). This equation says that p(i) = (¢, pop,(s)) for some ¢ € ). Keep in mind
that |p| denotes the width of the last stack of p and not its length len(p). Also recall that
we write p < p’ if the run p is an initial segment of the run p'.

Definition 5.1. Let 9t be some n-NPT. Define the relation ~c 91 x 91 by
pp ifp<plpl=1p|-1, and |x| > |p| for all p< 7 < p'.

We define the set of relevant i-ancestors of p by induction on I. The set of relevant
0-ancestors of p is RAg(p) := {p}. Set

RAL1(p) =RA(p)u{reN: 37" eRA|(p) m+7"orT ~7" or 7 ~ 7'}.
n
For 7= (o1, o), we write RAL(5) = U RA ().
i

Remark 5.2. For 1-NPT, the relation ~ can be characterised as follows: for runs
p,p', we have p ~ p’ if and only if p’ = p o 7 for a run = starting at some w, and ending
in w,a, the first operation of 7 is a push, and 7 visits w, only in its initial configuration.

For 2-NPT, there is a similar characterisation: we have p # p’ if and only if p' = por
for some run 7 starting at some stack s, and ending in some stack s, : w, the first
operation of 7 is a clone and = visits s, only in its initial configuration.

The motivation for the definition is the following. If there are elements p, p’ € 9 such
that p’ < p and there is a path in 9 of length at most | that witnesses that p’ is an
ancestor of p, then we want that p’ € RA;(p). The relation ~ is tailored towards this
idea. Assume that there are runs p; < ps H° p3 with § performing some pop,, operation
such that py ~° p3 ~ pi. This path of length 2 witnesses that p; is an ancestor of ps.
By definition, one sees immediately that p; ~ po whence p; € RAl(pg) In this sense,
~ relates the ancestor p1 with p if the distance between p; and p, in 91 may be small
because of a descendant of p, that is a jump edge successor of p;.

In the following, it may be helpful to think of a relevant /-ancestor p’ of a run p as an
ancestor of p that may have a path of length up to [ witnessing that p’ is an ancestor of
p-

From the definitions, we obtain immediately the following lemmas.

LEMMA 5.3. For each run p' there is at most one run p such that p ¢ p'. p is the
maximal ancestor of p' satisfying p’ = pop,,(p).

LEMMA 5.4. Let p and p’ be runs such that p ~ p’. Let p be the predecessor of p', i.e
p is the unique element such that p+ p'. Then p  p.

LEMMA 5.5. If p,p’ e M such that p+ p' or p ~ p', then p e RA{(p).
LEMMA 5.6. Foralll e Nand p e M, |RA;(p)| < 4 and RA(p) is linearly ordered by <.

We now investigate the structure of relevant ancestors and the possible intersections
of relevant ancestors of different runs. First, we characterise the minimal element of

RA(p)-
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LEMMA 5.7. Let M be a n-NPT. Let p; € RA(p) be minimal with respect to <. Then
either |p;| =1 and |p| <1
or pi = pop,,(p) and |pi| < |'| for all p’ e RA(p) ~ {pi}-
Remark 5.8. Recall that |p| < I implies that pop!,(p) is undefined.

PROOF. The proof is by induction on [. For [ = 0, there is nothing to show because
po = p = pop (p). Now assume that the statement is true for some /.

(1) Consider the case |p| < [ + 1. Then p; satisfies |p)| = 1. If p; has no predecessor it
is also the minimal element of RA;;;1(p) and we are done. Otherwise, there is a
maximal ancestor p < p; such that |p| = 1. Since p + p; or p ~ p;, p € RAL1(p) ~
RA;(p). Furthermore, no ancestor of p can be contained in RA;,,(p). Heading for a
contradiction, assume that there is some element p < p such that g € RA;,1(p). Then
there is some p’ € RA;(p) with p < p < p' such that g ~ p’ or p # p'. But this leads to
the contradiction 1 < |§| < || = 1. Thus, the minimal element of RA;1(p) is pi+1 = p.

(2) Now assume that |p| > [+ 1. Let 5 be the maximal ancestor of p; such that |p|+1 = |p].

Then p  p; or p + p1, whence p € RA;1(p). We have to show that p is the minimal
element of RA;,1(p) and that there is no other element of width || in RA;,1(p). For
the second part, assume that there is some p’ € RA;,1(p) with |p/| = |p|. Then p’ has
to be connected via +, *, or ~ to some element p” € RA;(p). By definition of these
relations |p”| < |p’| + 1. By induction hypothesis, this implies p” = p;. But then it is
immediately clear that p’ = p by definition.
Similar to the previous case, the minimality of p in RA;,;(p) is proved by contradic-
tion. Assume that there is some p’ < p such that p’ € RA;41(p). Then there is some
p<p=p" eRA(p) such that p' # p” or p' ~ p”. By the definition of ~ and #, we
obtain |p”| < |5|. But this contradicts |p”| > |pi| > |- Thus, we conclude that p is the
minimal element of RA;,1(p), i.e., p=pi41. O

The previous lemma shows that the width of stacks among the relevant ancestors
cannot decrease too much. Furthermore, the width cannot grow too much.

COROLLARY 5.9. Let 7,p ¢ N such that m € RA(p). Then ||p| - ||| < L.

PROOF. From the previous lemma, we know that the minimal width of the last
stack of an element in RA;(p) is |p| —{. We prove by induction that the maximal width is
|o| + 1. The case [ = 0 is trivially true. Assume that |7| < |p| +{ - 1 for all 7 € RA;_;(p). Let
7 € RA;(p) ~ RA;_1(p). Then there is an 7 € RA;_1(p) such that 7 + 7, # ~7, # # 7. For
the last two cases the width of 7 is smaller than the width of m whence || < |p| + 1 - 1.
For the first case, recall that all stack operations of an n-PS alter the width of the stack
by at most 1. Thus, |#| < |7|+1<|p|+I. O

Next we show a kind of triangle inequality for the relevant ancestor relation. If p, is
a relevant ancestor of p; then all relevant ancestors of p; that are ancestors of p; are
relevant ancestors of p-.

LEMMA 5.10. Let p1,p2 € Nand let 11,15 € N. If p1 € RA;, (p2), then
RAZ2 (Pl) S RA11+12 (PQ) and
RA,, (p2) n{m:m < p1} € RA ., (p1).

PROOF. The first inclusion holds by induction on the definition of relevant ancest-
ors.

For the second claim, we proceed by induction on I5. For /5 = 0 the claim holds because
RAo(p2) = {p2} and p; < po imply that RAG(p2) n {7 : 7 < p1} # @ if and only if p; = po
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whence {p2} € RAg(p1). For the induction step assume that

RA1,-1(p2) n{m: 7 < p1} € RAL 1,1 (p1).

Furthermore, assume that = € RA,, (p2) n {7 : 7 < p1 }. We show that = € RA;, 4, (p1). By
definition there is some 7 < 7 such that 7 € RA;,_;(p2) and 7 € RA; (7). We distinguish
the following cases.

— Assume that 7 < p;. By hypothesis, # € RA;, +1,-1(p1) whence 7 € RA;, 41, (p1)-
— Assume that 7 < p; < @ < py. This implies that # ~ # or # # & whence
|7| = |&| - § < |p1| for some j € {0,1}. From Corollary 5.9, we know that

171 = 1p2ll < l2 = 1 and||pa] = [pal[ < 1.

This implies that |pi| — |7| < l; + ls. By definition of ~ and ¢*, there cannot be any
element 7’ with 7 <7’ < & and || = |r|. Thus, 7 is the maximal predecessor of p; with

T = pop|2” 1|_lﬂl(pl). Application of Lemma 5.7 shows that 7 is the minimal element of

RA|pl|_|ﬂ.|(p1). Hence, 7 € RA|pl|_|ﬂ-|(p1) c RA}, 41, (pl). O
COROLLARY 5.11. If pe RA/(p1) nRA(p2) then RA(p1) n{m: 7 < p} € RA3(p2).

PROOF. By the previous lemma, p € RA;(p;) implies RA;(p1) n {7 : 7 < p} € RA%(p).
Using the lemma again, p € RA;(p2) implies RAg; (p) € RA3(p2). O

The previous corollary shows that if the relevant /-ancestors of two elements p; and
po intersect at some point p, then all relevant /-ancestors of p; that are ancestors of p
are contained in the relevant 3/-ancestors of p». Later, we use the contraposition of this
result in order to prove that relevant ancestors of certain runs are disjoint sets.

The following proposition describes how RA;(p) embeds into the full 2-NPT 9. Suc-
cessive relevant ancestors of some run p are connected by a single edge or by a ~-edge.
We will see that this proposition allows us, given an arbitrary run p, to explicitly con-
struct a relevant ancestor set isomorphic to RA;(p) that consists of small runs.

PROPOSITION 5.12. Let p; < pa < p such that p1,ps € RA(p). If 7 ¢ RA(p) for all
p1 < T < P2, then p1 = p2 0r p1 s P2.

PROOF. Assume that p; ¥ po. Consider the set M :={meRA;(p):p1 #7}. M is
nonempty because there is some 7 € RA;_;(p) such that either p; * 7 (whence 7 ¢ M)
or p; ~ w (whence the predecessor 7 of = satisfies @ € M). Let p € M be minimal. It
suffices to show that p = ps. For this purpose, we show that 7 ¢ RA;(p) for all p; <7 < p.
Since p € RA;(p), this implies that p = p,. We start with two general observations.

(1) For all p; <7 < p, |7| > |p| due to the definition of p; ~ p. Furthermore, due to the
minimality of p in M, for all p; < 7 < p with m € RA;(p), |n| > |5| (otherwise m ¢ M
which contradicts the minimality of p).

(2) Note that there cannot exist p; <7 < p <7 with 7 ~ 7 or 7  # because |7| > ||.

Heading for a contradiction, assume that there is some p; < 7 < p such that m € RA;(p).
Due to observation 2, there is a chain ng := 7,7, ..., 7-1, 7, := p such that for each
0 < i < n there is * € {+,~, #} such that m; * m;;; and 7; € RA;_;(p). By assumption,
n # 0, whence p € RA;_1(p). Due to observation 1, we have |p1| < |p| < |x|. Since each
stack operation alters the width of the stack by at most 1, we conclude that the set

M= (' py <7 < ol = 7]}
is nonempty because on the path from p; to = there occurs at least one run with final
stack of width |p|. But the maximal element 7' € M’ satisfies p; * 7'+ por p; > 7 ~p.

Since p € RA;_1(p), this would imply 7’ € M which contradicts the minimality of jin M.
Thus, no p; < 7 < p with 7 € RA;(p) can exist.
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We conclude that 7w ¢ RA;(p) forall py <m<pand p; @ p=ps. O

In the final part of this section, we consider relevant ancestors of two different runs
p and p’. Since we aim at a construction of small runs p and p’ such that the relevant
ancestors of p and p’ are isomorphic to the relevant ancestors of p and /', we need to
know how sets of relevant ancestors touch each other. Every isomorphism from the
relevant ancestors of p and p’ to those of p and p’ has to preserve edges between a
relevant ancestor of p and another one of p'.

The positions where the relevant /-ancestors of p and p touch can be identified by
looking at the intersection of their relevant (/ + 1)-ancestors. This is shown in the next
lemma. For A and B subsets of some n-NPT 9t and p some run of 91, we say A and B
touch after p if there are runs p < pa,p < pp such that p4 € A, pp € B and either ps = pp
or pa * pp for some * € {-, -, ~ =, > 4 }. In this case we say A and B touch at (p4,p5).
In the following, we reduce the question whether [-ancestors of two elements touch
after some p to the question whether the (I + 1)-ancestors of these elements intersect
after p.

LEMMA 5.13. If p1, p2 are runs such that RA;, (p1) and RA, (p2) touch after some py,
then RA;, 11(p1) NRAL 1 (p2)n{m:py <7} +@.

PROOF. Let py be some run, py < p1 € RA;, (p1), and pg < p2 € RA;, (p2) such that the
pair (p1,p02) is minimal and RA;, (p1) and RA;,(p2) touch at (51,p92). Then one of the
following holds.

(1) p1 = po: there is nothing to prove because p; € RA;, (p1) NRA, (p2) n{m:pg < 7}.
(2) p1 = p2 or py ~ p2 or p1  po : this implies that py € RA,1(p2) nRA, (p1).
(3) p1 - pa2 or p1 = po Or p1 & po - this implies that po € RA; 41(p1) NRA,L(p2). O

COROLLARY 5.14. If p and p' are runs such that RA;, (p) and RA,,(p') touch after
some run pg then there exists some py < p1 € RA; 11(p) N RA,+1(p’) such that

RAL«1(p) n{z 2 < p1} € RAL a1, +3(p").
PrOOF. Use the previous lemma and Lemma 5.10. O

5.2. A Family of Equivalence Relations on Words and Stacks

Next, we define a family of equivalences on words that is useful for constructing runs
with similar relevant ancestors. The basic idea is to classify words according to the
FOg-type of the word model associated to the word w expanded by information about
certain runs between prefixes of w. This additional information describes

(1) the number of possible loops and returns with certain initial and final state of each
prefix v < w, and

(2) the number of runs from (q,w) to (¢',v) for each prefix v < w and all pairs ¢, ¢" of
states.

It turns out that this equivalence has the following property: if w and w’ are equivalent
and p is a run starting in (¢, w) and ending in (¢’, w : v), then there is a run from (g, w")
to (q,w’ : v") such that the loops and returns of v and v’ agree. This is important
because runs of this kind connect consecutive elements of relevant ancestor sets (cf.
Proposition 5.12).

In order to copy relevant ancestors, we want to apply this kind of transfer property
iteratively. For instance, we want to take a run from (g, w;) via (g, wy : ws) to (g3, wy :
ws : w3) and translate it into some run from (g1, w}) via (g2, w] : wh) to (g3, w] : wh : wh)
such that the loops and returns of w3 and w} agree. Analogously, we want to take a
run creating n new words and transfer it to a new run starting in another word and
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creating n words such that the last words agree on their loops and returns. If we can
do this, then we can transfer the whole set of relevant ancestors from some run to
another one. This allows us to construct isomorphic relevant ancestors that consist
only of short runs.

The family of equivalence relations that we define have the following transfer prop-
erty. Words that are equivalent with respect to the n-th relation allow a transfer of
runs creating n new words. The idea of the definition is as follows. Assume that we
have already defined the (i — 1)-st equivalence relation. We take the word model of
some word w and annotate each prefix of the word by its equivalence class with re-
spect to the (i — 1)-st relation. Then we define two words to be equivalent with respect
to the i-th relation if the FO-types of their enriched word models agree.

These equivalence relations and the transfer properties that they induce are an im-
portant tool in the next section. There we apply them to an arbitrary set of relevant
ancestors in order to obtain isomorphic copies of the substructure induced by these
ancestors.

For the rest of this section, we fix some 2-PS N. For w some word, we use w_,, as an
abbreviation for pop? (w).

Definition 5.15. For each word w € X*, we define a family of expanded word models
£in"*(w) by induction on n. Note that for n = 0 the structure will be independent of the
parameter k but for greater n this parameter influences the expansion of the structure.
Let Sing;z (w) be the expanded word model

Ei"g;z(w) = ({Oa 17 EEEE) |’LU| - 1}’ sucg, (PU)UGZh (Sg,q’)(q,q’)EQ2,jSz7 (R] )j€J7 (Lj )jeJ7 (Hj)jeJ)
such that for 0 < ¢ < |w| the following holds.

—succ and P, form the standard word model of w in reversed order, i.e., succ is the

usual successor relation on the domain and i € P, if and only if top, (w-;) = o,

—i€ S;} e if there are j pairwise distinct runs py,..., p; such that each run starts in
(¢,w) and ends in (¢’, w—;).

— The predicates R; encode the function i — #Ret”(w_;) (cf. Definition 4.5).

— The predicates L; encode the function i — #Loop®(w_;).

— The predicates H; encode the function i »~ #HLoop®(w_;).

Now, set Type]g;z(w) = FOk[Sin’g;Z(w)], the quantifier rank £ theory of Sin’g"'z (w).

Inductively, we define £in'? (w) to be the expansion of £in"*(w) by predicates de-
scribing Type*(v) for each prefix v < w. More formally, fix a maximal list 6,,65,...,0,,
of pairwise distinct FO-types that are realised by some £in**(w). We define predicates
Ty, Ts,...,T,, such that i e T; if Type!* (w_;) = 6, for all 0 < i < n. Now, let Sinﬁfl(w) be
the expansion of £in®*(w) by the predicates T, T%,...,T},. We conclude the inductive

definition by setting Type™? (w) := FO,[€in™Z (w)].

n+1 n+1

Remark 5.16. Each element of £in"**(w) corresponds to a prefix of w. In this sense,
we write v € Siq, for some prefix v < w if v = w_; and Lin"*(w) e Sfl"q,.

It is an important observation that £in®*(w) is a finite successor structure with
finitely many colours. Thus, for fixed n, k, z € N, Typesz has finite image.
For our application, £ and z can be chosen to be some fixed large numbers, depending
on the quantifier rank of the formula we are interested in. Furthermore, it will turn

out that the conditions on k£ and z coincide whence we will assume that & = z. This is
due to the fact that both parameters are counting thresholds in some sense: z is the
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threshold for counting the existence of loops and returns, while £ can be seen as the
threshold for distinguishing different prefixes of w which have the same atomic type.
Thus, we identify k and z in the following definition of the equivalence relation induced
by Typel*

Definition 5.17. For words w,w’ € ¥*, we write w =2 w’ if Type,“(w) = Type;* (w').

As a first step, we want to show that =7 is a right congruence. We prepare the proof
of this fact in the following lemma.

LEMMA 5.18. Let n € N, z > 2 and N be some 2-PS. Let w be some word and o € ¥
some letter. For each 0 < i < |w|, the atomic types of i and of 0 in £in_*(w) determine the
atomic type of i + 1 in £inZ*(wo).

PROOF. Recall that i € Lin*(w) represents w_; and i + 1 € £in]*(wo) represents
WO _(j4+1). Since w_; = wo_(;11), it follows directly that the two elements agree on (P, ), s,
(Rj)jes, (Lj)jes, and (Hj)jes and that w_; =}_; wo_(;,qy (recall that the elements of
LinZ*(w) are coloured by =Z_,-types).

We claim that the function #Ret*(w) and the set

{(,0:4) eNxQxQ:j <z Lin’*(w)kieS! }

determine whether £in’*(wo) = (i +1) € S] . Recall that the predicates Sj g 1

LinZ*(w) encode at each position : the number of runs from (¢, w) to (¢',w_;). We now
want to determine the number of runs from (¢, wo) to (¢, wo_(;1y) = (¢, w=s).

It is clear that such a run starts with a high loop from (¢, wo) to some (4, wo). Then
it performs some transition of the form (4,0, d’, pop,) and then it continues with a run
from (', w) to (¢, w—;).

In order to determine whether £in*(wo) E (i +1) € S » We have to count whether
j runs of this form exist. To this end, we define the numbers

k((},(}’) = #HLOOPZ(’LUO')(Q, 4)7
](Lf,(f’) = |{(Cj,0’, q,a popl) € A}|7 and

i(g,q) = max{k:w_; € S&,Vq,)}

for each pair ¢ = (¢,4’) € Q. It follows directly that there are Y i;j;k; many such runs
qeQ?

up to threshold z. Note that j; only depends on the pushdown system. Due to Propos-

ition 4.14, #HLoop®(wo) is determined by o and #Ret*(w). Thus, k; is determined by

the atomic type of 0 in Lin]*(w). i7 only depends on the atomic type of 7 in Lin.*(w).

These observations complete the proof. O

COROLLARY 5.19. Let n,z € N such that z > 2. Let w1 and ws be words such
that wy =2 we. Any strategy of Duplicator in the z round Ehrenfeucht-Fraissé game on
LinZ#(w1) and Lin}* (we) translates directly into a strategy of Duplicator in the z round
Ehrenfeucht-Fraissé game on £in*(w10) My jw, ) and L£in* (w20 ) M1 juws))-

PROOF. It suffices to note that the existence of Duplicator’s strategy implies that
the atomic types of 0 in £in}*(w;) and Sinsz(wg) agree. Hence, the previous lemma
applies. Thus, if the atomic type of i € £in;*(w1) and j € £in7*(w:) agree, then the
atomic types of i + 1 € Lin’*(wy0) and j + 1e LinZ* (wy0o) agree. Hence, we can obvi-
ously translate Duphcators strategy on Lin* (wl) and £in;*(wy) into a strategy on
Sinsz(wla) f[17|w1|] and Sinsz(wga) f[17|w2|] . 0O
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The previous corollary is the main ingredient for the following lemma. It states that
=2 is a right congruence.

LEMMA 5.20. For z > 2, =2 is a right congruence, i.e., if Type.*(w;) = Type:* (ws)
for some z > 2, then Typel” (wiw) = TypeZ* (waw) for all w e 3*.

PROOF. It is sufficient to prove the claim for w = o € ¥. The lemma then follows by
induction on |w|. First observe that

#Loop* (wi0) = #Loop* (us0),
#HLoop® (wy0) = #HLoop®(wsc), and
#Ret”(wi0) = #Ret®(w20),

because these values are determined by the values of the corresponding functions at
wi and wy (cf. Proposition 4.14). These functions agree on w; and ws because the first
elements of Cin’*(w;) and £in’*(wy) are FO, definable (z > 2!).

For i € {1,2}, LinJ*(w;o) = 0 € qu’q,) if and only if there are j loops from (g, w;o)

to (¢',w;o) (at position 0 the runs counted by the S coincide with loops). Since

]
(¢,¢')
#Loop®(w10) = #Loop®(wq0), we conclude that the atomic types of the first elements
of Ling*(wy0) and of Liny'*(wy0) coincide.

Due to the previous corollary, we know that Duplicator has a strategy in the z round
Ehrenfeucht-Fraissé game on Lin.*(w10) M1, ) and €iny* (w20) M1, ju|]-

Standard composition arguments for Ehrenfeucht-Fraissé games on word structures
directly imply that £ing“(wy0) =. Ling*(w20). But this directly implies that the atomic
types of wio in Lin]"*(wy0) and of wyo in Lin]"*(w20) coincide. If n > 1, we can apply
the same standard argument and obtain that £inl’*(wi0) =, Lin7"*(wz0). By induction
one concludes that Lin}*(wi0) =, Lin2*(we0), i.e., w10 =% waoo. O

In terms of stack operations, the previous lemma can be seen as a compatibility
result of =2 with the push, operation. Next, we lift the equivalences from words to 2-
stacks in such a way that the new equivalence relations are compatible with all stack
operations. We compare the stacks word-wise beginning with the topmost word, then
the word below the topmost one, etc. up to some threshold m.

Definition 5.21. Let s, s’ be stacks. We write s ,,=Z s’ if either
|s| > m,|s'| >m, and top, (popy(s)) =5 top, (pops(s’)) for all 0 <i <m, or
1:=|s| = |s'| <m, and top, (pop}(s)) =; top, (pops(s")) forall 0 <i <.

PROPOSITION 5.22. Let z > 2 and let s1,s2 be stacks such that s1 =7 so. Then
push_(s1) m=Z push_(s2), pop;(s1) m=Z:i_; popi(s2), clones(s1) mi1=% cloney(ss2), and
Popy(51) m-1=5, POpa(s2).

PROOF. Assume that op = pop,. Quantifier rank z suffices to define the second ele-
ment of a word structure. Hence, w =7 w’ implies that Type.” (w-1) = Type.” (w’;).
But this implies w_; =Z_; w’;.

For op = push, we use Lemma 5.20. For clone; and pop,, the claim is trivial. O

The previous proposition shows that the equivalence relations on stacks are compat-
ible with the stack operations. Recall that successive relevant ancestors of a given run
p are runs p; < po < p such that p; - ps or p; 2 po (cf. Proposition 5.12). In the next
section, we are concerned with the construction of a short run p such that its relevant
ancestors are isomorphic to those of p. A necessary condition for a run p to be short is
that it only passes small stacks. We construct p using the following construction. Let
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I r
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Fig. 2. Illustration for the construction in the first step of the proof of Lemma 5.25.

po < p1 < p2... < p be the set of relevant ancestors of p. We then first define a run py
that ends in some small stack that is equivalent to the last stack of py. Then, we iter-
ate the following construction. If p;,; extends p; by a single transition, then we define
pi+1 to be the extension of p; by the same transition. Due to the previous proposition
this preserves equivalence of the topmost stacks of p; and p;. Otherwise, p;+1 extends
p; by some run that creates a new word w;;; on top of the last stack of p;. Then we
want to construct a short run that creates a new word w;,; on top of the last stack of
pi such that w;,; and w},, are equivalent and w;,, is small. Then we define ;.1 to be
p; extended by this run.

Finally, this procedure defines a run p that corresponds to p in the sense that the
relevant ancestors of the two runs are isomorphic but p is a short run.

In the following, we prepare this construction. We show that for any run pq there
is a run py that ends in some small stack that is equivalent to the last stack of pg.
This is done in Lemma 5.25. Furthermore, we show that for runs p; and p; that end
in equivalent stacks, any run that extends the last stack of p; by some word w can be
transferred into a run that extends p; by some small word that is equivalent to w. This
is shown in Proposition 5.27.

The proofs of Lemma 5.25 and Proposition 5.27 are based on the property that pre-
fixes of equivalent stacks share the same number of loops and returns for each pair of
initial and final states. Recall that our analysis of generalised milestones showed that
the existence of loops with certain initial and final states has a crucial influence on the
question whether runs between certain stacks exist. We first define functions that are
used to define what a small stack is. Afterwards, we show that any run to some stack
can be replaced by some run to a short equivalent stack.

Definition 5.23. Let N' = (Q,X,A,q) be a 2-PS. Set a(n,z) = Q|- |[*"/=z] + 1, where
|=*/=z] is the number of equivalence classes of =7. Furthermore, set Bpg := [2"/=3| - |Q]?

and f(n) = Q- (IZ[+1)".

Remark 5.24. (n) is an upper bound for the number of pairs of states and words
of length up to n. Note that «, Bpg: and 5 computably depend on V.

LEMMA 5.25. Let n €N, z > 2, and let p be a run from the initial configuration to
some configuration (q, s). There is a run p’ starting in the initial configuration such that

[topy(p)| = au(n, 2) < [topy(p')] < [top,(p)],
hgt(p") < [topy (p")| + Brge,
0’| < B(hgt(p)) and
top,(p) =7, topy(p").
Furthermore, if |top,(p)| > a(n, 2), then |tops(p’)| < |top,(p)].

We prove this lemma in three steps.

(1) For each run p with long topmost word, we generate a run p’ with equivalent but
smaller topmost word.
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Fig. 3. Illustration for the construction in the second step of the proof of Lemma 5.25.

(2) For each run p, we generate a run p’ such that top,(p) = top,(p’) and the height of
p’ is bounded by [top,(p)| + Bhgt.

(3) For each run p, we generate a run p’ such that top,(p) = top,(p’), the height of p’ is
bounded in terms of hgt(p) and the width of p’ is bounded in terms of its height.

PROOF OF STEP 1. Let p be some run with [top,(p)| > a(n, z). Let (g, s) := p(len(p))
be the final configuration of p. For each k < a(n, z), there is a maximal milestone m;, €
MS(s) with |topy(my)| = k. Figure 2 illustrates this definition. Let wy := top,(my) and
let pi. < p be the largest initial segment of p that ends in m,. Note that my <my 45 for
all k£ <k’ < a(n, z) by the maximality of m; and myy.

Then there are i < j < a(n, z) such that top,(p;) = top,(p;) and the final states of p;
and p; agree.

Due to the maximality of p;, no substack of pop,(m;) is visited by p after k := len(p;).
Thus, the run 7 := (pl[k jen(p)])[m;/m:] is well-defined (cf. Definition 4.10). Note that
7 starts in (¢’,m;) for ¢ € Q the final state of p,. Thus, we can set p := p; o . Since
w; =2 w; and since =7 is a right congruence, it is clear that top,(p) =7 top,(p). Since
0 < |w;| = |wi| < a(n, 2), it also follows directly that

[topa (p)] — a(n, 2) < Jtopy(P)] < [topa(p)l. O

PROOF OF STEP 2. The proof is by induction on the number of words in the last
stack of p that have length & := hgt(p). Assume that p is some run such that

hgt(p) > [topa(p)| + Bhgt-

In the following, we define several generalised milestones of the final stack s of p. An
illustration of these definitions can be found in Figure 3.

Let m € MS(s) be a milestone of the last stack of p such that |top,(m)| = h. For each
[tops(p)| <@ < h let m; € MS(m) be the maximal milestone of m with |top,(m;)| = 4. Let
n; be maximal such that p(n;) = (¢',m;) for some ¢’ € Q. Let m! ¢ GMS(s) \ GMS(m)
be the minimal generalised milestone after m such that top,(m}) = top,(m;). Let n} be
maximal with p(n}) = (¢’,m}) for some ¢’ € Q.

There are [top,(p)| < k < < hgt(p) satisfying the following conditions.

(1) There is a q € Q such that p(ng) = (¢, mx) and p(n;) = (g,my).

(2) There is a ¢’ € Q such that p(n}) = (¢, m},) and p(n}) = (¢',m;).

(8) topy(my) =2 topy(m;) (note that this implies that #Loop' (my) = #Loop’ (m;) and
#Retl(mk) = #Retl (my)).

By definition, we have m, 9m;. Thus, the run m := (p1[,, n))[7u/mi] is well defined (cf.

Definition 4.10). Note that m; starts in (¢,m) and ends in (¢, §) for § := m;[m;/ms]).
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Moreover, top, (1) = topy(m}) = topy(p(n},)). Furthermore, pl's len(,)) Dever looks be-

low the topmost word of m; because n; is the maximal node where the generalised
milestone mj, is visited. Thus, (pop,(m},): 1) 4 Pny len(p)] Whence

72 1= g ten()] [POP2(m1,) : 1/POPy (8) : 1]

is well defined. It starts in the last stack of ;. Now, we define the run j := pl[y ,,,jom1 0
7. Either hgt(p) < hgt(p) and we are done or there are less words of height hgt(p) in
the last stack of p than in the last stack of p and we conclude by induction. O

PROOF OF STEP 3. Assume that p is a run with len(p) > B(hgt(p)). We denote by
n; the maximal position in p such that the stack at p(n;) is pop}(p) for each 0 < i <|p|.

There are less than W many words of length up to hgt(p). Thus, there are i < j
such that

(1) there is a word w with top, (pop(p)) = top, (popg (p)) =w, and
(2) p(n:) = (g, popy(p)) and p(n;) = (g, poph(p)) for some g € Q.

i+1

Now, let s; := pops''(p) and s; := popgﬂ(p). There is a unique stack s such that
p(len(p)) = (q,s::5). The run pl,, jen(py] (from s; : w to s; : 5) never visits s;. Thus,

[)1 = pr[ni,len(p)] [Si : J—/Sj : J—]
is a run from s; : w to s; : 5. The composition p := pl(g ] © p1 satisfies the claim. O

The previous corollary deals with the reachability of some stack from the initial
configuration. The following proposition is concerned with the extension of a given
stack by just one word. Recall that such a run corresponds to a ~ edge. We first define
the function that is used to bound the size of the new word. Recall that the equivalence
relation =2 depends on the choice of the fixed 2-PS NV = (Q, %, A, qo). |="/=2| denotes the
number of equivalence classes of =7,.

Definition 5.26. Set v(a,b,c,d):=1+b+a(|Q]

RVEH)E

Before we state the proposition concerning the compatibility of =7 with ~ edges,
we explain its meaning. The proposition says that given two equivalent words w and w
and a run p from (g, s : w) to (¢/, s : w: w') that does not pass any substack of s : w, then,
for each stack §: w, we find a run p from (g, §: @) to (¢, $: w: &") for some short word
@’ that is equivalent to w’. Furthermore, this transfer of runs works simultaneously
on a tuple of such runs, i.e., given m runs starting at s : w of the form described above,
we find m corresponding runs starting at 5 : ©. This simultaneous transfer becomes
important when we search an isomorphic copy of the relevant ancestors of several
runs. In this case the simultaneous transfer allows us to copy the relevant ancestors of
a certain run while avoiding an intersection with the relevant ancestors of other given
runs.

PROPOSITION 5.27. Let n,z,m € Nsuch thatn>1, z>m, and z > 2. Let ¢ = (g, s : w),
¢ = (q, 8§ : W) be configurations such that w =Z . Let p1, ..., pm, be pairwise distinct runs
such that for each i, |p;(j)| > |s : w| for all j > 1 and such that p; starts at c and ends in
(gi,s : w: w;). Analogously, let py,. .., pm-1 be pairwise distinct runs such that each p;
starts at ¢ and ends in (q;, 5 : W : ;) and |p;(j)| > |§: | for all j > 1. If

w; =5_ W forall 1<i<m—1,
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then there is some run p,, from éto (qo, s : W : Wy, ) such that

W Eyzy,—l ’wma
Pm 18 distinct from each p; for 1 <i<m, and
|| < y(m, @], 7, 2).

We prepare the proof of this proposition with the following lemmas.

LEMMA 5.28. Let z,m,n € N such that z > 2 and z > m. Let w,w’ be words and let
p1, P2, - - -, pm be pairwise distinct runs such that p; starts in (¢;,w) and ends in (§;,v;)
for some prefix v; < w. If w =%, w', then there are prefixes v{,v5,...,v., of w' such that
v; =% vf for all 1 < i <m and there are pairwise distinct runs pi,p5, ..., pn, such that p;
starts in (g;,w"), ends in (§;,v}).

Furthermore, v; = w if and only if v} = w' and v; < w implies that there is a letter a;
and words u;,u} such that w = v;a;u; and w' = via;u;.

PROOF. Without loss of generality, assume that ¢; = ¢g; =g and ¢, = §; = ¢ for all 1 <
i,j < m. Since £in_’7 (w) ~, Lin’’7 (w'), a winning strategy in the Ehrenfeucht-Fraissé

n, n+l
game induces words v1, v}, ..., v, such that (vy,ve,...,v,) ~ (v],v5,...,0] ) is a partial

isomorphism. Thus, v; = v} iff vim: v;. Since z > m, Duplicator can maintain this partial
isomorphism for at least one more round of the game. Therefore, the labels of the direct
neighbours of v] agree with the labels of the direct neighbours of v; which especially

implies v} = w’ iff v; = w. Furthermore, if v;, = v;, =--- = v;,, then p;,, pi,, ..., pi, Witness
that v;, is coloured by Sf, ., in Lin}7, (w). Hence, v}, is coloured by Sf, ., in Lin}77, (w').
Hence, there are k pairwise distinct runs p; ,p;,,...,p;, from (g,w") to (g,v;,). Since,

v; and v} are labelled by the same =7 -type, the claim follows immediately. O

This lemma provides the transfer of runs from some stack s : w to stacks s : v; with
v; < w to another starting stack s’ : w’ if w and w’ are equivalent words. We still need
to investigate runs in the other direction. We provide a transfer property for runs from
some word w to extensions wvy, wvs, ..., WU,y,.

LEMMA 5.29. Let z,m,n € N such that z > 2 and z > m. Let p1, p2, ..., pm be pairwise
distinct runs such that for each 1 < i < m the run p; starts in (g;,w), ends in (g;,wv;)
and never visits w after its initial configuration. Furthermore, let w' be some word such
that w =%, w'. There are words vi,v}, ... v, such that [v]| < 1+m-|Q|-|="/=z|, the first
letter of v; and v} agree (or v; = v} = &), wv; =%, w'v}, and there are pairwise distinct runs
Py Py -y Py, SUCh that each run p; starts in w', ends in w'v}, and never visits w’ after its
initial configuration.

PROOF. For each run p;, there is a decomposition p; = w0\, 0---0ma0A307m 0 \; Where
the )\; are high loops and each 7; is a run of length 1 that performs a push operation.
Since the = type of a word w determines #Ret*(w) and #HLoop*(w), we conclude with
Proposition 4.14 that #HLoop®(wv) = #HLoop” (w'v) for all words v € ¥*. Thus, there is
arun p, =m, o\, 0---omy o\, om o\ where the A, are high loops such that the runs
p1sph, .., ph, are pairwise distinct. Note that p; ends with stack w'v; and w'v; =2 wv;
because =7 is a right congruence.

If |v;| < 1+m-|Q|-|="/=z| for all 1 < i < m we are done. Otherwise we continue with the
following construction. Without loss of generality assume that |v1| > 1+ m - |Q|-|Z"/=Z].
Then we find nonempty prefixes ug < u; <ug <--- < u,, such thatforall0<i<j<m

(1) p! passes w'u; and w'u; in the same state ¢ € Q) for the last time,
(2) w'u; =2 wuj, and
(3) 1< uil'< fus] < 1+ m-1QI-[==).
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Let n; be the maximal position in p} such that p{(n;) = (§,w'u;). For each 0 < i <
j < m, we can define the run pi’j = p110,n:1 © P1 Nny ten(pr )1 (W /wu;] which ends in the
stack wvi[wu;/wu;]. Since =7 is a right congruence, this stack is equivalent to wuv;.
Furthermore, it is shorter than wv;. By pigeonhole principle, there are 0 < i < j < m
such that pi’j is distinct from p5, p, ..., pl.. Now, we replace p} by pi’j .

Repetition of this argument yields the claim. O

For the proof of Proposition 5.27, we now compose the previous lemmas. Recall that

the proposition says the following: given m runs py,...,p, starting in some stack s
that only add one word to s and given a stack § whose topmost word is =7 -equivalent
to the word on top of s, we can transfer the runs py,..., p,, toruns p},..., p, that start

at § such that p; extends $ by one word that is =7_;-equivalent to the word created by
Pi-

PROOF OF PROPOSITION 5.27. Let p1,p2,...,pm and p1, po, ..., pm-1 be runs as re-
quired in the proposition. Assume that w; =_; w; and that all runs p; end in the same
state, i.e., ¢; = g;, for all 1 <i < j <m. Later we deal with the other cases.

We decompose each run p; as follows. Let w! = w nw;. Then p; = p? o p} o p? where p!
is a run of length 1 that performs exactly one clone; operation, and p} is the run from
s:w: w to the last occurrence of s : w : w;.

Due to top, (w) = top, (1), there are runs /5 from ¢ to § : 1 : 1 performing only one
clone operation and ending in the same state as p!.

By Lemma 5.28, we can transfer the p} to runs p} starting at (¢, 5 : @ : 1) and ending
at §: @ : u; such that 4, <@ and wnw; =2_; 4,;. The lemma allows us to enforce that
pi = pj iff p; = pj.

Let v; be the word such that w; = (wrw;) o v;. We use Lemma 5.29 and find words
01,...,0m and runs p?, ..., p2, such that p? is a run from 3 : @ : 4; to (g;, § : @ : 4;0;) which
visits § : 0 : 4; only in its initial configuration such that u,;v; =7_; w; and such that @,;
has length bounded by

’y(m, |w|a”,z) = |IZ)| +1 +m~|Q| . |Z*/Ei|_

Furthermore, 57 and /? coincide if and only if p} and p? coincide. we claim that the
runs '
PY o P10 PT, P30 P30 sy o © P © P

are pairwise distinct. First of all we show that 4; = w r 4;0;: Due to the last part of
Lemma 5.28, there is a letter a; such that w = u;a;z; for some word z; and W = 4;a;%;
for some word ;. Furthermore, v; and 9; start with the same letter. Due to u; = wnu;v;,
this letter cannot be a; whence @; = W n4;90;.

Heading for a contradiction, assume that /) o j; o p7 = p9 0 p} 0 3. Since 5 and /) have
both length 1, this implies that 4! = p%. Furthermore, we have seen that j; ends in the

last occurrence of the greatest common prefix w r 4;0; = ;. Hence, the two runs can
only coincide if @; = ;. But then p} = ,6; because both parts end in the last occurrence of

a stack with topmost word ;. But this would also imply that p? = ﬁ?. By construction of
the three parts, this would imply that o) = p?, p} = p}, and p} = p?. But this contradicts
the assumption that p) o p} o p? = p; # p; = pY 0 pj 0 p3.

Since the runs are all distinct, there is some j such that 59 o 5} o 53 does not coincide
with any of the j; for 1 <i <m - 1. Note that j,, == 9 o p; o p7 satisfies the claim of the
proposition.

Now, we come to the case that the runs end in configurations with different states or
different =7 _,-types of their topmost words. In this case, we just concentrate on those
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p; which end in the same state as p,, and with a topmost word of the same type as w,,.
This is sufficient because some run p can only coincide with p; if both runs end up in
the same state and in stacks whose topmost words have the same type. O

6. DYNAMIC SMALL-WITNESS PROPERTY

In this section, we define a family of equivalence relations on tuples in 2-NPT. The
equivalence class of a tuple pi,...,p,, with respect to one of these relations is the
isomorphism type of the substructure induced by the relevant /-ancestors of p1, ..., pm
extended by some information for preserving this isomorphism during an Ehrenfeucht-
Fraissé game. Recall that such a game ends in a winning position for Duplicator if
the relevant 1-ancestors of the elements that were chosen in the two structures are
isomorphic (cf. Lemma 5.5).

We then show how to construct small representatives for each equivalence class. As
explained in Section 2.1, this result can be turned into an FO model checking algorithm
on the class of 2-NPT.

Definition 6.1. Let p= (p1,p2,--.,pm) beruns of a 2-PS N and let 9 := NPT(N). Let
l,n1,n2,2 € N. We define the following relations on RA;(p).

(1) For k<land pep,let Pf ={m e RA|(p) : m e RAL(p)}.
(2) Let ,,,=;,-Type be the function that maps a run 7 to the ,,, =, -equivalence class of
the last stack of 7.

We write R ,,, n,,-(p) for the following expansion of the relevant ancestors of p:
Riiny na,z(P) = (erAl(ﬁ)a ('_5)56Aa ~, f’mlEZQ-TYP& (P,fj)ksl,lsjsm)-
For tuples of runs = (p1,...,pm) and o' = (p},...,pl,) weset pl =2 p'if

pnl_’ﬂz
mlmuﬂz&(ﬁ) = ml,nhnz,Z(ﬁ,)‘
Remark 6.2.

— If p !, =% p then there is a unique isomorphism ¢ : Ry, 1,2 (5) = Ring a2 ()
witnessing this equivalence: due to the predicate PJ‘») , pj is mapped to p; for all 1 < j < m.
Due to the predicate P}, the relevant ancestors of p; are mapped to the relevant an-
cestors of p. Finally, ¢ must preserve the order of the relevant ancestors of p; because
they form a chain with respect to - u # (cf. Proposition 5.12).

— Due to Lemma 5.5, it is clear that 5 . =2 5’ implies that there is a partial iso-

. . p ni1—n2
morphism mapping p; ~ p} for all 1 <i <m.

Since equivalent relevant ancestors induce partial isomorphisms, a strategy that
preserves the equivalence between relevant ancestors is winning for Duplicator in the
Ehrenfeucht-Fraissé-game.

Given a 2-PS N, set M := NPT(N). We show that there is a strategy in the
Ehrenfeucht-Fraissé game on 9, p and M, p’ in which Duplicator can always choose
small elements compared to the size of the elements chosen so far in the structure
where he has to choose. Furthermore, this strategy will preserve equivalence of the
relevant ancestors in the following sense. Let g, p’ € 91 be the n-tuples chosen in the
previous rounds of the game. Assume that Duplicator managed to maintain the relev-
ant ancestors of these tuples equivalent, i.e., it holds that p = p’. Now, Duplicator’s
strategy enforces that these tuples are extended by runs = and 7’ satisfying the follow-
ing. There are numbers k;,;,n; such that p, = ﬁ; =7 p',n’" and furthermore, the size of

the run chosen by Duplicator is small compared to the elements chosen so far. Before
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we state the exact claim, we define some functions that provide bounds for Duplicator’s
choices.

Definition 6.3. Let N be a 2-PS and let a,b ¢ N. We define the functions
¢:N° >N, n:N° > N, and 6:N° >N
by induction on the first parameter. We set
€(0,x2,x3,24,25) = (0,22, 23, 24,25) = 0(0, 22,23, 24, 25) = 0 for all xo, x3, 24,25 € N.

For the inductive step, let Z,,,1 := (n + 1, 2,1’,n},n}) € N° be arbitrary. We set [ := 41’ + 5,
ny =0l +2(' +1) + 1, ng = ny + 4" + 1, and Z, := (n,2,1,n1,n2). We define auxiliary
values H* for 1 < i < 4"+" and H&" for 1 < i < n} + 4" Recall that we introduced «, 3
and B, in Definition 5.23 and v in Definition 5.26. Set

HiOC - ,y(n . 44[’+37C(i.n)7n2 — 1’ Z)7
HIS, = (LB 4 1.2),
nglob — C(jn) + Bhgt +a(n/2 +n'1 +4l'+1 _ 172)7 and

glob glob / ’ U+l .
HZ =~(1,H ny+n) +4" 7 -4, 2).

Now we set

_ 1 lob
C(xn+l) ‘= max {H4(l)$+1 ) HE? } )

n’ +4t
N(Zns1) = n(Zn) + BCHE®) + 0 +2(1' +1), and
0(Zne1) = 0(Tn) + (4l,+1 +1)¢(Zn+1)  m(Tns1) - (1 + LLy(C(jnﬂ)))-
where LLQ[ is the function from Proposition 4.15 that bounds the length of short loops.

Remark 6.4. Since v, a, 3, Bhgt, and LL depend computably on N, the functions ¢, 7
and 6 also depend computably on V.

PROPOSITION 6.5. Let N be a 2-PS. Set M := NPT(N). Let n,z,nf,n5l" € N,
L:==4l"+5, ny =0, +2(' +1) + 1, and ny = nl + 4" + 1 such that z > 2 and z > n - 4.
Furthermore, let p and p’ be n-tuples of runs of M such that

1l _z

(1) py,=, 0, and

(2) len(w) < 0(n, z,1,n1,n2) for all = € RA(p),

(3) hgt(m) <{(n,z,l,n1,n9) for all m € RA(p"), and
@) || <n(n,z,l,n1,n9) for all e RA(p).

For each p € N there is some p’ € N such that

(1) ﬁvpi;’lzflé ﬁlvp,’

2) len(m) <O(n+ 1,z,l’,7 n’ll, n’%) forall 7 e RAy(é’,p”),

(3) hgt(m) <¢(n+ 1,,2,,1 77}1,712) forall = e R_f\l(;O ,p'), and
4@ |r|<n(n+1,2,0',n],ny) for all m e RA(P, p).

This proposition can be reformulated as a finitary constraint for Duplicator’s
strategy in the Ehrenfeucht-Fraissé game on every 2-NPT. This yields an FO model
checking algorithm on 2-NPT. Before we present this application of the proposition in
Section 7, we prove this proposition. For this purpose we split the claim into several
pieces. The proposition asserts bounds on the length of the runs and on the sizes of the
final stacks of the relevant ancestors. As the first step we prove that Duplicator has a
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strategy that chooses runs with small final stacks. This result relies mainly on Propos-
itions 5.22 and 5.27. These results allow us to construct equivalent relevant ancestor
sets that only contain runs ending in small stacks. Afterwards, we apply Corollaries
4.17 and 4.18 in order to shrink the length of the runs involved.

6.1. Construction of Isomorphic Relevant Ancestors

Before we prove that Duplicator can choose short runs, we state some auxiliary lemmas
concerning the construction of isomorphic relevant ancestors. The following lemma
gives a sufficient criterion for the equivalence of the relevant ancestors of two runs.
Afterwards, we show that for each run p we can construct a second run p’ satisfying
this criterion.

LEMMA 6.6. Let py < p1 <+ < pm = p be runs such that RA;(p) = {p; : 0 <i <m}. If
Po < p1 < -+ < pm are runs such that

—the final states of p; and p; coincide,

— po = poph(pm) or |po| = |po| = 1,

— Po n, =, Po, and

—pi * pis1 iff pi * pisi forall 1<i<mand x e {P}u{r:5e A},

then
RAl(ﬁm) = {,51 :0<e< m}
If additionally topy(p;) =5, _; tope(pi) for all 0 <i <m, then

~ 1 _z
Pm ny=ny-at Pm-

PrROOF. First, we show that for all 0 < i < j < m, the following statements are true:

pi =" pj iff pi ¥y, 4)
pi @ p; iff pi > pj. (6)

Note that p; +° p; implies j = i + 1. Analogously, ; +° p; implies j = i + 1. Thus, (4) is
true by definition of the sequences.

For the other parts, it is straightforward to see that |px| - |p;| = x| — |p;| for all
0 <j<k<m: for k= jthe claim holds trivially. For the induction step from j to
j +1, the claim follows from the assumption that p; = p;,; if and only if p; * p;.1 for all

re{Pu{r®deA}.

Furthermore, assume that there is some 7 such that pr < # < pr41. Then it cannot
be the case that j; -° pi.+1. This implies that p, * pr+1. By definition, it follows that
Pk  pr+1. We conclude directly that |7 > |pr+1]| > |ok]. Thus,

pj ~ py iff
lpjl = |pk| and |7 > |p;| for all p; < m < py, iff
16;] = |pk| and |7t| > |p;| for all p; < & < py, iff
Pj ~ Pk-
Analogously, one obtains (6).
We now show by induction that RA;(p,,) = {p; : 0 <i <m}. Note that trivially

RA(pm) 0 {7 : pr S} = {pm }
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holds. Assume that there is some 0 < my < m such that

RA(pm) n{m: pmg <7} ={p;i:mo <i<m} and
pi € RAk(p) iff p; € RAg(py) for all k <1 and i > my.

We distinguish the following cases.

— If prg-1 F° pim, for some transition § then p,,,_1 +° p,n, due to (4). Thus, there are
NO runs Py, -1 < T < pm,. Hence, we only have to show that p,,,-1 € RA;(p,,) if and only
if prng-1 € RAR(pp,) for all k < 1.

If prno-1 € RAR(pm ), then there is some j > mg such that p; e RA;_1(pnn) and py,,-1 is
connected to p; via some edge. But then p; € RA;_1(p,,) and p,,,,_1 is connected with p,
via the same sort of edge. Thus, p,,,-1 € RAL(Hrm)-

The other direction is completely analogous.

— Otherwise, assume that there is some p,,,,—1 < 7 < pp, . Since its direct predecessor
is not in RA;(pm), Pmo ¢ RAIZ1(p). Thus, pim, ¢ RA-1(p). By construction, -1 & Pimg-
Thus, |7| > |pm,]| for all -1 < & < Ppm,. This implies that = A p; and = £ p; for all
mo < ¢ < m. This shows that 7 ¢ RA;(pr,)-

We obtain that p,,,-1 € RAL(pm) iff pimo-1 € RAL(p) for all k& < [ analogously to the
previous case.

Up to now, we have shown that RA;(p,,)n{m: po <7} ={p; : 0 <i<m}. In order to prove
RA;(pm) = {p: : 0<i<m}, we have to show that pj is the minimal element of RA;(p,,).
There are the following cases

— po = pops(pm). In this case, we conclude that po = poph () by construction. But
Lemma 5.7 then implies that py is the minimal element of RA;(5,,).

— |pol = |po| = 1. Note that py ¢ RA;,_1(pn,) because py is minimal in RA;(p;,,). Thus,
we know that gy ¢ RA_1(pm)-
Heading for a contradiction, assume that there is some # € RA;(p,,) with & < gp. We
conclude that & ~ py or @  py, for some py € RA;_1 (P, ). But this implies that |7| < |pg| =
1. Since there are no stacks of width 0, this is a contradiction.
Thus, there is no # € RA;(p,,) that is a proper prefix of pg.

We conclude that RA;(p,,) = {p; : 0 < i <m}.

Let us turn to the second part of the lemma. Assume that top,(p;) =, _; top,(p;) for
all 0 <4 <m. Since p; and p;41 differ in at most one word, a straightforward induction
shows that p; ,_|p[+|p.=5,—i Ai (cf. Proposition 5.22). But this implies pp, 1, = i pm
because |po| < |p;| as we have seen in Lemma 5.7. O

The previous lemma gives us a sufficient condition for the equivalence of relevant
ancestors of two elements. Now, we show how to construct such a chain of relevant
ancestors.

LEMMA 6.7. Let !, ny,no,m,z €N such that ny > 4' and z > 2. Let

Po < p1 <+ < pm = p be runs such that
RA(p)n{m:pozm<p}={p;:0<i<m}.

Let py be a run such that py »,=;,, po and such that both runs end in the same state.
Then we can effectively construct runs

Po<pP1 << pPm=p
such that

—the final states of p; and p; coincide for all 0 <i < m,
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— pPi I—6 Pi+1 lffﬁz l—6 pA7;+1 and Pi s Pi+1 lffﬁl I pA7;+1 f07' all0<i< m, and
—topy(pi) =5, topa(pi) for all 0 < i <m.

PROOF. Assume that we have constructed

Po < P1 < < Pimgs
for some mqy < m such that for all 0 <7 < mg

(1) the final states of p; and p; coincide,

(2) pi +° pir1 iff pi ¥ pir1 and p; @ pi1 iff p; > piv1 (note that p; - pivq or p; > piv1 hold
due to Proposition 5.12), and

(3) topy(pi) =5, Pi-

We extend this chain by a new element p;, ., such that all these conditions are again
satisfied. We distinguish two cases.

First, assume that pi, - prg+1. SInce pig =2, 00 Pimgs t0P1(Pmy ) = topy (Hm, ). Due to
Condition 1, their final states also coincide. Hence, there is a j,,,+1 such that p,,, o
Pmo+1. Due to Proposition 5.22, j,,,+1 satisfies Condition (3).

Now, consider the case p.,, * pmg+1- The run from p,,, to pp,,+1 starts from some
stack s and ends in some stack s : w for w some word, the first operation is a clone and
then s is never reached again. Hence, we can use Proposition 5.27 in order to find some
appropriate p,,,+1 that satisfies Condition (3). O

The previous lemmas give us the possibility to construct an isomorphic copy of the
relevant ancestors of a single run p. In our proofs, we want to construct such a copy
while avoiding relevant ancestors of certain other runs. Using the full power of Pro-
position 5.27 we obtain the following stronger version of the lemma.

COROLLARY 6.8. Let l,n1,n2,m, 2 € N be numbers such that = > m -4 and ny > 4%
Let p and p' be m-tuples such that p', = p’ and ¢, is an isomorphism witnessing this
equivalence. Furthermore, let py < p1 < -+ < p,, be runs such that for each i < m we have
Pi & Pis1 OF Pi (> Pit1.

If po € RA((p), and if p1 ¢ RA(p) then we can construct po := pi(po) < p1 < P2 <+ < pm,
satisfying the conditions from the previous lemma but additionally with the property
that py ¢ RA(p).

PROOF. We distinguish two cases.

(1) Assume that py + p;. Due to the equivalence of py and py, we can apply the
transition connecting pg with p; to pyp and obtain a run p;. We have to prove that
p1 ¢ RA(p).

Heading for a contradiction assume that p; € RA;(p’). Then ;! preserves the edge
between py and p1, i.e., po = ;' (po) + ©;*(p1). But this implies that ;' (p1) = p1 which
contradicts the assumption that p; ¢ RA;(p).

(2) Assume that py ~ p;. Up to threshold z, for each # such that py # 7 and
7 € RA((p") there is a run py  ¢;*(#). Since p; ¢ RA/(p), we find another run p; that
satisfies the conditions of the previous lemma and p; ¢ RA;(p'). This is due to the fact
that Proposition 5.27 allows us to transfer up to z > |RA;(p’)| many runs simultan-
eously. O

6.2. Construction of Small Equivalent Stacks

In this section, we prove that Duplicator has a strategy that preserves the isomorphism
type of the relevant ancestors while choosing runs whose relevant ancestors end in
small stacks. Later, we show how to bound the length of such runs.
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The analysis of this strategy decomposes into the local and the global case. We say
Spoiler makes a local move if he chooses a new element such that one of its relevant
ancestors is an relevant ancestor of the elements chosen so far. We say Spoiler makes
a global move if he chooses an element such that its set of relevant ancestors does not
intersect with the set of relevant ancestors of the elements chosen so far.

We first head for the result that Duplicator can manage the local case in such a way
that he chooses an element such that all its relevant ancestors end in small stacks.
Then we show that Duplicator can manage the global case analogously.

LEMMA 6.9. Letn,z,l’,n],n} e Nbenumbers such that z > 2, n} >0, ny, >0, [ :=4'+5,
z2>n-4h ng = ni+2(I'+1)+1, and ny ::n’2+4[°rl +1.

Let p,p’ be n-tuples of runs such that p', = p' and such that hgt(m) < ((n, z,1,n1,n2)
and |r| < n(n,z,l,n1,n2) for all w € RA|(p"). Furthermore, let p be some run such that
RA;41(p) NRAy41(p) # @. Then there is some run p’ such that

hgt(p') < C(n+ 1,20 smhmb), | <m(n+ 1,20 nhnb), and  (5.p) by =3y (7.0)-
PROOF. Let ¢; : Riny ns.2(0) 2 Ring nsy,2(p') denote the isomorphism that witnesses
5l =% . Let po € RAy1(p) be maximal such that

p ny—n2
RAy1(p) n{m:m < po} € RA413(p) € RA(D).
There are numbers mg < 0 < m; and runs

pmo '<Pm(,+1<"'<P0<P1 '<""<pm,1

such that RA;41(p) = {pi : mo < i <mq}. We set p} := ¢;(p;) for all mgy < i < 0. Note that
hgt(pf)) < C(ﬂﬂ z,l,mq, n2) and |p(,)| < 77(7% z,1, n17n2)'

Next, we construct p},...,p;,, such that p’:= p;, has relevant ancestors isomorphic
to those of p. We first define p} such that

(1) the final state of p} and p; coincide,

(2) topy(p1) =5,-1 topa(p1),

(3) ppy =° py iff po 0 pu,

(4) py e pLifE po 2 pu,

(5) p| ¢ RAy43(p"), and

(6) hgt(p}) < y(n-4%*3 hgt(ph),na - 1,2) < H* (cf. Definition 6.3).

If po +° p1, this construction is trivial. Note that there is an element p}, ~° p| and
p1 ¢ RAy43(p") (otherwise, p1 = ¢7'(p1) € RAyr43(p’) contradicting the maximality of
p0)- If po  p1, we just apply Proposition 5.27.

Now, we continue constructing p5, ..., p;,, = p' such that

(1) the final states of p; and p] coincide for all 2 <i < my,
(2) topy(p;) =5,-; topa(pi),
() for all 2 <i < my, p} +° pl,, if pi +° pis1; in this case hgt(pl, ) < hgt(p]) +1,
(4) for all 0<i<my, p; * pi,q if pi @ pis1; in this case the use of Proposition 5.27
ensures that hgt(p},,) <7, (1, hgt(p}),n2 — i, 2)

By definition, it is clear that conditions 1-3 hold also for all my < i < 0. Using Lemma
6.6, we obtain that p f;,:’ 15;2,2 p'. A simple induction shows that hgt(p}) < H*® whence
hgt(p’) < {(n+1,2,l’,n],n)). Furthermore, due to Lemma 5.9 |p;| - |po| < 2(I" + 1) whence
P11 < 10|+ 20 + 1) < g + 1, 2,1/, n ).

We still have to show that the isomorphism between RA;(5) and RA;(p") and the
isomorphism between RA;/ (p) and RA;/(p’) are compatible in the sense that they induce
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an isomorphism between RA;/ (g, p) and RA; (7, p’). The only possible candidate is
or - RAv(p, p) = RAv(p', p')

. 04 for = p;,mp <i<my
oi(m)  for m e RAp41(p).

In order to see that this is a well-defined function, we have to show that if p; € RA;,1(p)
then p} = ¢;(p;) for each mg < i < my. Note that p; € RA;,1(p) N RAy4+1(p) implies that
7 € RAg,3(p) for all m € RA; 1 (p) with 7 < p; (cf. Corollary 5.11). But then by definition
i<0and p} = i(p;).

We claim that ¢ is an isomorphism. Since we composed ;s of existing isomorphisms
RA;(p) ~ RAy(p") and RA;(p) ~ RA;(p'), respectively, we only have to consider the
following question: let 7 € RA;(p) and 7 € RA;/(p); does o, preserve edges between 7
and 7 and does ¢! preserve edges between the images of  and #? In other words, we
have to show that for each

s e {8 u{F% 0 e AYu{<°: 6 e A}, we have 1 * 7 iff @y () * oy (7).
The following case distinction treats all these cases.

— Assume that there is some * ¢ {~, #}u {-% § ¢ A} such that = = #. Then
m € RA;41(p). Thus, there are my < i < j < m; such that 7 = p; and 7 = p;,. We have
already seen that then ¢,/ (7) = p; and ¢y (7) = p}; and these elements are connected by
an edge of the same type due to the construction of p; and p;-.

— Assume that there is some * € {, 4} u {4 § € A} such that 7 + #. Then 7
RA;11(p) whence ¢ coincides with the isomorphism ¢; on 7 and 7. But ¢, preserves
edges whence 7 * 7 implies (1) * @y (7).

— Assume that there is some * € {~, 2} u {-%: § € A} such that <pl,(7r) * op (7).
By definition, o1 (%) € RAy(p’) whence oy (7)=p; for some mg < j < my. Thus,
() € RAp+1(p") whence ¢y () = p; for some mg < i < j. We claim that = = p;. Note
that due to Corollary 5.11 for all mo < k < i we have p; € RAgy43(pr(m)). Since
or(m) = pi(m) € RAy(p"), we conclude that p) € RAy43(p") for all mo <k <i. By con-
struction, this implies ¢ < 0 and ¢ (7) = p} = ¢i(p;). Furthermore, since 7 € RA;(p),
pr(m) = (7). Since ¢; is an isomorphism, it follows that 7 = p;. But this implies that
there is an edge from 7 = p; to 7 = p,.

— Assume that there is some % € {~~, < } U {+%: § € A} such that p; (7) * ¢ (7). This
implies

or () € RArs1(p') nRA L1 (p). )

By definition, 7 = p; and ¢/ (%) = p; for some mg < j <my. Due to (7), p] € RAyr.3(p") for
all mg < <j. Since pl ¢ RA4l/+3(ﬁ ) 7 <0. Thus, pj € RA4[!+3([3) and 9011(7'(') @l(ﬂ') Since
o, preserves the relevant ancestors of p level by level, we obtain that 7 € RAyH(p)
Since ™ € RA;41(p), we obtain that ¢; (7) = ¢;(7) and ¢y (7) = (7). Since ¢; is an
isomorphism, we conclude that 7 x 7

Thus, we have shown that ¢, is an isomorphism witnessing 7, p n, = , pLp. DO

The previous lemma shows that Duplicator can respond to local moves in such a way
that she preserves isomorphisms of relevant ancestors while choosing small stacks. In
the following we deal with global moves of Spoiler. We present a strategy for Duplicator
that answers a global move by choosing a run with the following property. Duplicator
chooses a run such that the isomorphism of relevant ancestors is preserved and such
that all relevant ancestors of Duplicator’s choice end in small stacks. We split this proof
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into two lemmas. First, we address the problem that Spoiler may choose an element
far away from p but close to p'. In this situation, Duplicator has to find a run that has
isomorphic relevant ancestors and which is far away from p’. Afterwards, we show that
Duplicator can even choose such an element whose relevant ancestors all end in small
stacks.

LEMMA 6.10. Let n,l’',n),n} € N be numbers. We set | :=4l' +5, ny :==nf +2(I'+1) +1,
and ny :=nly+ 4" + 1. Let z ¢ N satisfy z>n-4 and z > 2.
Let p and p’ be n-tuples of runs such that p ﬁllsz p'. Furthermore, let p be a run such

that RA;41(p) NnRAy41(p) = @. Then there is some run p' such that p, p f;,l Efllz oL p.

PROOF. Let ¢, be the isomorphism witnessing RA;(p) |, =2 RA(p). If RAy,1(p') n
RA/41(p) = @, we can set p’ := p and we are done. Otherwise, let 7] < 7 < --- < 70,
be an enumeration of all elements of RA;,1(p") N RAy,1(p). Due to Corollary 5.14,
RAv1(p) n{m:m =<7 } < RAg3(p’). Since | > 31’ + 3, we can set m} = ;' (7)) for
all 0 < i < ng. Due to Lemmas 6.7 and 6.6, there is an extension =, < p' such

that RA11+1(,0) 52—152,2 RAlI+1(p1) and 7'('7;1 € RAl/+1(p1) for all 0 <7 < no. If RA[/+1(p1) n

RA;41(p') = @ we set p’ := p! and we are done.

Otherwise we can repeat this process, defining 77 := ¢! (7} ) for the maximal n; < ng
such that m} € RAy.3(p') for all 0 < i < ng. Then we extend this run to some
run p. If this process terminates with the construction of some run p' such that
RA;+1(p") NnRAL1(p') = @, we set p’ := p' and we are done. If this is not the case, re-
call that RA3;,3(p") is finite. Thus, we eventually reach the step were we have defined
70, ms, ..., it for some m € N such that for the first time 7" = 7}, for some i < m. But if
1> 0, then

0 = ou(mgt) = pu(mh) = mh

This contradicts the minimality of m. We conclude that 77* = 7 which implies that
70 € RA3y13(p). Furthermore, by definition we have 7 € RA;,1(p) and there is a max-
imal i such that 79 € RA3,3(p). Since z > |[RA;(p)|, we can apply Corollary 6.8 and

construct a chain ¢;(7) < pl,; < pi,y <+ < p’ such that p, p 5;’1 = p.p. O

We have seen that that Duplicator can answer every global challenge of Spoiler. But
we still need to prove that she can choose an element whose relevant ancestors all end
in small stacks. The use of the pumping construction from Lemma 5.25 allows to prove
this fact.

LEMMA 6.11. Let n,l',n},ns,zeN, let [ :=41' +5, ny :=n +2(I'+ 1) + 1, and let ns :=
nly + 41 + 1. Furthermore, let jp be an n-tuple of runs such that hgt(r) < ((n, z,1,n1,15)
and || < n(n, z,1,n1,n2) for all ™ € RA(p). If pis a run such that RA;.1(p)nRA 41 (p) = 2,
then there is some run p’ such that

- 0 _z =
papnlznz PP s
hgt(m) <¢(n+1,2,0',n},n%), and

7l <n(n+1,2,0',n1,n5)
for all € RA;(p, p’).
PROOF. Let py < p1 <+ < py, := p be runs such that RA;1(p) ={p;: 0 <i<m}.
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Let mg > —nf be minimal such that there are runs p,,, < pmy+1 <+ < po such that for
each mo < i < 0 we have p; @ p;js1 or p; -° p;.1 for some clone, transition §. Due to the
construction, either mgy = 1 —n} or |po| < nj.

We construct runs p;, < p}, 41 < < p;, ending in small stacks such that p;,, ,lr;, =5 Pm
as follows. If hgt(pm,) < ((n,2,1,n1,m2) and |pm,| < n(n, z,1,n1,n2), then we set p;, =

Prmg -
6therwise, Lemma 5.25 provides a run p;, such that

hgt(py,,) < ngl"b =((n,z,l,n1,n2) + Bpgt + a(ny +nj + 4i+t _ 1)

|p;no| < U(n,z,l,nth) + 5(H1glob)’
either hgt(p;, ) > C(n, 2,1,n1,m2) or |p,,, | > n(n, z,1,n1,n2), and

-z ’
Pmo 1500 enf 4al/+1-1 Pmy-

The last condition just says that top,(pim, ) Eflé sng4a—1 TOP2 (Phg )
Having constructed p; for i < m, we construct p,, as follows.

(1) If hgt(p;) < ((n,z,l,n1,n2) and |p;| < n(n,z,l,n1,n2) for all mg < j < i+ 1, set
Pis1 = Pisl- _

(2) Otherwise, if p; -° p;;1 then define p/,, such that p} -° o, .

(3) If none of the previous cases applies, then p;  p;+1 and using Proposition 5.27 we
construct p},, such that
(a) ,0; f)p;+17
(b) hgt(pl,,) <~v(1,max{hgt(p}),((n,z,l,n1,n2)},n5 +nl = (i +1-myg)),
(c) hgt(pi,1) > C(n,z,1,n1,n2) if hgt(p;) < ¢(n,z,1,n1,n2) for all my < j < i and if

il <m(n, 2,1,mn1,m2) for all mg < j <i+1, and

(d) t0p2(pi+1) E:L,2+n’1+4l’+1—(i+1—7no)—1 t0p2(p;+1)'

First of all, note that nf, + nf + 4" *1 — (0 - mg) — 1 > n, + 4" *1 whence p, n g g Pb-

Since m < 4"+ and since || 2 |ppl for all 0 < j < m, we conclude that p; ,/ = P} for all
0 < j <m. Using Lemma 6.6, we see that p’ ﬁ;,:flzflg p.

Furthermore, RA;,1(p") N RAy+1(p) = @: heading for a contradiction, assume that
p; € RAv41(p) N RAp11(p)

hgt(p}) < ((n,z,1,n1,n2) and |p}| < n(n, 2,1,n1,n2) for all 0 < j < 4. By construction, it
follows that p; = p; for all my < i < j. But then p; = pi € RA;41(p) N RAp41(p) which
contradicts RA; 11 (p) N RA;41(p) = @.

Thus, RA;/(p) and RA;(p') do not touch whence p, p ﬁ:lsz p,p. O

for some 0 < i < m. Then p; € RAz.3(p) € RAi(p) for all 0 < j < i. Thus,

6.3. Construction of Short Equivalent Runs

Combining the results of the previous section, we obtain that for each n-tuple in
NPT(S) there is an FO,-equivalent one such that the relevant ancestors of the second
tuple only contain runs that end in small stacks. In order to prove Proposition 6.5, we
still have to bound the length of these runs. For this purpose, we use Corollaries 4.17
and 4.18 in order to replace long runs between relevant ancestors by shorter ones.
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PRrROOF OF PROPOSITION 6.5. Using the Lemmas 6.9 — 6.11, we find some can-
didate p’ such that p,p ﬁ;,l sz,z p',p' and the height and width of the last stacks of all
7€ RAp41(p") are bounded by ((n +1,z,1’,n],n}) and n(n + 1,z,1’,ny,nj}), respectively.

Recall that there is a chain p)) < p} <+ < p!,, = p’ such that RA;,1(p") = {p}: 0 <i <m}.
This chain satisfies 0 <m <40+ and p; % p/,, or p} @ p),, for all 0 <i < m.

If oy ¢ RAsi43(p"), then we can use Corollary 4.17 and choose some p{, that ends in
the same configuration as g, such that p{, ¢ RA3;.3(p") and

len(pp) < 142-C(n+1,2,0",n7,nb) -n(n+1,2,0",n],n}))
ALY (Cn + 1, 2,107, m5))).

If o € RA345(p") let 0 < i < m be maximal such that p; € RA;(7’). In this case let
pj = p; for all 0 < j <.

By now, we have obtained a chain pj, < p| <--- < p} for some 0 < ¢ < m. Using Corollary
4.18, we can extend this chain to a chain {p}: 0 <i < m} such that

(1) pi(len(p))) = pi(len(p})), i.e., p} and p; end in the same configuration,

(2) pl w0 pl, iff L0 pl,, forall0<i<m,

) p} 2 pl iffpl A pi,q forall0<i<m,

(4) len(ply) <len(p) +2-C(n+1, 2,01 ,n],nb)-(1+ LLJZ\[(C(n +1,2,0',n],n}))), and
(5) p; € RAgy.3(p') for all 0 < j < i implies pj = 5} (here we use that z > n-43+3),

Using Lemma 6.6, we conclude that p’ i;,* =z, p for p’ = p),. Furthermore, we

claim that RA;.1(p") N RAy1(p') = RAp+1(ﬁ’)1ﬁ Ri\l,ﬂ(p'). By definition the inclusion
from left to right is clear. For the other direction, assume that there is some element
p; € RAp1(p) nRA;1(p"). By Lemma 5.11, this implies that p;- € RA3y4+3(p’) for all
0 < j <i. Thus, p; = p;, which implies that p} € RA; 1 (p") n RAy1(p").

We conclude that p, p f;,l sz,Q o0 f;,l 52,2 7', p'. By definition, the length of p’ is bounded
by 6(n+1, z,l',n},n%) (cf. Definition 6.3). O

7. FO MODEL CHECKING ALGORITHM FOR LEVEL 2 NESTED PUSHDOWN TREES

Fix a 2-PS N and set 91 := NPT(N). We have shown that if 9 £ Jz¢(z) then there is
a small run p such that 9% = ¢(p). Even when we add parameters p, ..., p, this result
still holds, i.e., there is a short witness p compared to the length of the parameters.
Hence, we can decide FO on 2-NPT with the following algorithm.

(1) Given a 2-PS N and a first-order sentence ¢, the algorithm first computes the
quantifier rank q of .

(2) Then it computes numbers z,1*,1%,13,... 19 ni,n3,n}... nd ndnind ... .ndeN
such that for each i < ¢ the numbers z,1%, 1" ni ni*l ni nit! can be used as para-
meters in Proposition 6.5.

(3) These numbers define a constraint S = (S”(i))<, for Duplicator’s strategy in the
g-round game on 91 and N as follows. We set (p1,p2,...,pm) € So if for each i <m
and 7 € RA;, (p;)

len(7) < 0(i, 2, 1%, ' nb),
hgt(m) < ((i,2,1',n},n}), and

7| < n(i7z,li,n§,n§).
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(4) Due to Proposition 6.5, Duplicator has an S-preserving strategy in the ¢-round
game on 9t and M. Thus, applying the algorithm SModelCheck (cf. Algorithm 1 in
Section 2.1) decides whether 91 E .

7.1. Complexity of the Algorithm

At the moment, we do not know any bound on the complexity of the algorithm presen-
ted. The problem towards giving a complexity bound on our algorithm is that the func-
tion LL/ZV bounding the size of the shortest z loops of each stack depends nonuniformly
on the 2-PS V. For a fixed 2-PS A/ we can compute this dependence, but we have no
general bound on the result in terms of |A/|. A possible approach to concrete bounds
on LLJZV may be the application of Pumping lemmas for 2-PS (cf. [Hayashi 1973; Parys
2012]). But further investigations on this question are necessary.

If we restrict our attention to the case of 1-NPT the picture changes notably. The FO
model checking problem on 1-NPT can be solved by an 2-EXPTIME alternating Turing
machine, i.e., FO model checking on 1-NPT is in ATIME(exp,). We already proved this
bound in [Kartzow 2009] using a different approach. In the final part of this section,
we sketch how this result also follows from the approach in this paper. Recall the
characterisation of ~ in the 1-NPT case from Remark 5.2. We have p # porw if 7
performs a push transition followed by level 1-loop (i.e., a run that starts and ends
in the same stack and never inspects this stack). Furthermore, for p, the minimal
element of RA,,(p) we have p,, = pop}(p). Furthermore, successive elements of RA,,(p)
are connected by a single edge or by . Thus, the final stacks of two successive relevant
ancestors differ in at most one letter. The following lemma tells us that the number of
 edges starting at some element p only depends on the state of p and the symbol on
top of the stack.

LEMMA 7.1. Let N be a 1-PS. Let ¢,§ € Q, w,w' € ¥* and a € . Then there is a
bijection between the runs from (q,wa) to (§,wa) that never visit w and the runs from
(g,w’a) to (§,w'a) that never visit w'.

PROOF. The bijection is given by the stack replacement [w/w’] (cf. Lemma 4.8). O
Using the previous observation, it is straightforward to prove the following lemma.

LEMMA 7.2. Let N bea 1-PS and let q,G € Q, w € X* and a € . The set

{p:p(0) = (q,wa), p(len(p)) = (¢',wa), and p(i) + w for all 0 <i <len(p)}

is a context-free language accepted by some 1-PS of size linear in |N|. Furthermore, the
set of runs from the initial configuration to (q,w) of N forms a context-free language
that is accepted by some 1-PS of size linear in |N.

Using the pumping lemma for context free-languages [Bar-Hillel et al. 1961], we
derive the following bound on short elements of context-free languages.

LEMMA 7.3. There is a fixed polynomial p such that the following holds. Let L be
some context-free language that is accepted by a 1-PS N. If L contains k elements, then
there are pairwise distinct words w1, ws, ..., wy € L such that length |w;| is bounded by
k-exp(p(|N]|)) forall 1 <i< k.

These observations imply that it is rather easy to construct runs with similar rel-

evant ancestors in a 1-NPT. In the following, we define a simpler notion of equivalent
relevant ancestors in the 1-NPT case that replaces the one for 2-NPT in Definition 6.1.
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Definition 7.4. Let N be some 1-PS generating 9 := NPT(N). Let p := p1,p2,---,pn
and p’ := pi,p5,...,p,, be elements of M. We define p ~; g’ if there is a bijection ¢ :
RA;(p) = RA;(p") such that the following holds:

(1) For all I’ <! and 7 € RA;(p;), we have ¢(7) € RAy(p}).

(2) ¢ preserves -, ~- and -edges.

(3) ¢ preserves states and topmost stack elements, i.e., for 7 € RA;(p) such that = ends
in configuration (¢, wa), then ¢(7) ends in (¢, w’a) for some word w’.

Using corresponding constructions as in the proof of proposition 6.5, we can prove
that Duplicator has a winning strategy that only uses elements of doubly exponential
size.

PROPOSITION 7.5. There is a polynomial p such that the following holds: Let N be
a 1-PS generating the NPT M := NPT(N). Let I',C €N, and [ := 4’ + 5. Furthermore, let
pand p' be n-tuples of runs of M such that p ~; p', and len(w) < C for all m € RA;(p'),
For each p € N there is some p' € N such that

p,p~y o p and len(w) < C + 4" - n -4l exp(p(IN])) for all © € RAL (7', p').

PROOF. Asinthe 2-NPT case, we distinguish a local and a global case. Let ¢ witness
that p~; p'.

— If RA/(p) nRA(p) + @ let pg be maximal in this set. We define pf, := ¢(po). There
are runs pg < p1 < pa < -+ < p,, which form the set RA;(p) n {7 : po < 7}. We now
inductively construct pj < pi < ph < --- < pl, such that p’ := p/ satisfies the claim.
Therefore, we copy the edge connecting p; with p;.1. If p; # p;11 We can construct a
run pl,, ¢ RA/(p) such that p} ~ p;41. Using Lemmas 7.2 and 7.3 we can ensure that
ph., = phom with len(r) bounded by n- 4! - exp(p(|NV])). Since m < 4" the claim follows by
iterative use of this observation.

— If RAy(p) n RA/(p) = @, we proceed analogously to Lemma 6.10. Let pg be the
minimal element of RA;/(p). Let ¢ be its final state and a be its final topmost stack
entry. Let m be the number of occurrences of elements in RA;(p) that end in state ¢
and with final topmost symbol a. Due to p »; p’, m is also the number of elements in
RA;(p") that end in state ¢ and with final topmost symbol a. Due to Lemmas 7.2 and
7.3 there are m +1 elements of size at most n-4'-exp(p(|N])) that end in state ¢ and end
with topmost stack entry a. By pigeonhole principle, we can set p{, to be one of these
such that p{ ¢ RA;(p'). Now, we proceed as in the local case. Let py < p1 < p2 < -+ < pg
be the enumeration of RA; (p). We define runs p < p} < p5 < --- < p;. such that p; is
connected to p;+1 via the same edge as p; to p;,,. Due to Lemmas 7.2 and 7.3, p;,; can
be chosen such that the run connecting p] with p’,, is bounded by n - 4! - exp(p(JN])).

Since k < 4" we conclude that p’ := p}, has length at most 4" - n -4 -exp(p(IV])). O

COROLLARY 7.6. FO model checking on 1-NPT can be solved by an alternating Tur-
ing machine in 2-EXPTIME with linearly many alternations in the size of the formula.®

PROOF. Let ¢ € FO,. and N some 1-PS. Iterated use of the previous lemmas shows
that Duplicator has a winning strategy in the r round game on NPT(A) and NPT(N)
where he chooses elements of size bounded by r - exp(exp(q(r))) - exp(p(JN])) for some
fixed polynomials p and ¢. O

61n fact, the model checking problem is complete for this complexity class (cf. [Kartzow 2012]).
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8. CONCLUSION

In this paper we extended the notion of a nested pushdown tree and developed the
hierarchy of higher-order nested pushdown trees. These are higher-order pushdown
trees enriched by a jump relation that makes corresponding push and pop operations
(of the highest level) visible. This new hierarchy is an intermediate step between the
hierarchy of pushdown trees and the hierarchy of collapsible pushdown graphs in the
sense that it contains expansions of higher-order pushdown trees and its n-th level is
uniformly first-order interpretable in the class of collapsible pushdown graphs of level
n + 1. We hope that further study of this hierarchy helps to clarify the relationship
between the hierarchies defined by higher-order pushdown systems and by collapsible
pushdown systems. We have shown the decidability of the first-order model checking
on the first two levels of the nested pushdown tree hierarchy (note that we are at the
border to undecidability because first-order logic on the class of all level 3 collapsible
pushdown graphs [Broadbent 2012] is undecidable). The algorithm is obtained from
the analysis of restricted strategies in Ehrenfeucht-Fraissé games on nested push-
down trees of level 2. The game analysis gets tractable due to the theory of relevant
ancestors in combination with shrinking constructions for level 2 pushdown systems.
It is open whether this approach extends to higher-levels. The theory of relevant an-
cestors generalises to all levels of the hierarchy and provides an understanding of
the Ehrenfeucht-Fraissé games. Unfortunately, we do not have any kind of shrink-
ing constructions for pushdown systems of level 3 or higher. The development of such
shrinking construction may yield the necessary bridge between the theory of relevant
ancestors of n-NPT and the dynamic-small-witness property needed for the develop-
ment of a model checking algorithm. Furthermore, better shrinking construction may
imply elementary complexity bounds for the FO model checking on 2-NPT. Another
open question concerns the modal p-calculus model checking on this new hierarchy.
Note that the interpretation of n-NPT in collapsible pushdown graphs of level n + 1
is almost modal but for the reversal of the jump edges in comparison to the collapse
edges used for their simulation. We conjecture that modal p-calculus is decidable on
the whole hierarchy of nested pushdown trees. Moreover, it is open how the nested
pushdown tree hierarchy relates exactly to the (collapsible) higher-order pushdown
hierarchies. We conjecture that the relationships described in Section 3 are optimal
but we lack proofs. For instance, it is open whether n-NPT can be interpreted in level
n collapsible pushdown graphs or vice versa (we conjecture the answer is no).
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