
CS391R: Robot Learning (Fall 2021)

Differentiable Physics and Stable Modes 
for Tool Use and Manipulation Planning

1

Presenter: Steven Patrick

11/9/21



CS391R: Robot Learning (Fall 2021)

Task and Manipulation Planning (TAMP)

● The act of planning multiple tasks 
interacting with the environment to 
accomplish a goal

● Examples:

○ Cleaning a room

○ Putting furniture together

○ Preparing food
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Differentiable Physics Engines

● If physics are fully differentiable, then “in-theory” you could start at 
the end position and back-propagate your way to the initial 
condition and known control inputs.
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Differentiable Physics Engines

● Not enough computation to do this or time steps 
would be too coarse

● Multiple solutions result in the same final 
configuration

● Therefore, optimization approaches are promising 
since most rely heavily on gradient information
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min
!
𝐽 𝑢 ≔ 𝐾(𝑥(𝑇)) + -

"

#
𝐿 𝑡, 𝑥 𝑡 , 𝑢 𝑡 𝑑𝑡

𝑠. 𝑡. 𝑥 𝑡 ∈ 𝑋, ∀𝑡 ∈ [0, 𝑇]
𝑥 0 = 𝑥", 𝑥 𝑡 + Δ𝑡 = 𝑓(𝑥, 𝑢, Δ𝑡)
𝑢 𝑡 ∈ 𝑈, ∀𝑡 ∈ 0, 𝑇
𝑔$ % & ≤ 0 ∀𝑖 ∈ 0. . 𝐿 , ∀𝑡 ∈ 0, 𝑇
ℎ$ % & = 0 ∀ 𝑖 ∈ [0. . 𝐿], ∀𝑡 ∈ [0, 𝑇]

Optimization
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min
!
𝐽 𝑢 ≔ 𝐾(𝑥(𝑇)) + -

"

#
𝐿 𝑡, 𝑥 𝑡 , 𝑢 𝑡 𝑑𝑡

𝑠. 𝑡. 𝑥 𝑡 ∈ 𝑋, ∀𝑡 ∈ [0, 𝑇]
𝑥 0 = 𝑥", 𝑥 𝑡 + Δ𝑡 = 𝑓(𝑥, 𝑢, Δ𝑡)
𝑢 𝑡 ∈ 𝑈, ∀𝑡 ∈ 0, 𝑇
𝑔$ % & ≤ 0 ∀𝑖 ∈ 0. . 𝐿 , ∀𝑡 ∈ 0, 𝑇
ℎ$ % & = 0 ∀ 𝑖 ∈ [0. . 𝐿], ∀𝑡 ∈ [0, 𝑇]

Optimization

Terminal Cost
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min
!
𝐽 𝑢 ≔ 𝐾(𝑥(𝑇)) + -

"

#
𝐿 𝑡, 𝑥 𝑡 , 𝑢 𝑡 𝑑𝑡

𝑠. 𝑡. 𝑥 𝑡 ∈ 𝑋, ∀𝑡 ∈ [0, 𝑇]
𝑥 0 = 𝑥", 𝑥 𝑡 + Δ𝑡 = 𝑓(𝑥, 𝑢, Δ𝑡)
𝑢 𝑡 ∈ 𝑈, ∀𝑡 ∈ 0, 𝑇
𝑔$ % & ≤ 0 ∀𝑖 ∈ 0. . 𝐿 , ∀𝑡 ∈ 0, 𝑇
ℎ$ % & = 0 ∀ 𝑖 ∈ [0. . 𝐿], ∀𝑡 ∈ [0, 𝑇]

Optimization

Running Cost
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min
!
𝐽 𝑢 ≔ 𝐾(𝑥(𝑇)) + -

"

#
𝐿 𝑡, 𝑥 𝑡 , 𝑢 𝑡 𝑑𝑡

𝑠. 𝑡. 𝑥 𝑡 ∈ 𝑋, ∀𝑡 ∈ [0, 𝑇]
𝑥 0 = 𝑥", 𝑥 𝑡 + Δ𝑡 = 𝑓(𝑥, 𝑢, Δ𝑡)
𝑢 𝑡 ∈ 𝑈, ∀𝑡 ∈ 0, 𝑇
𝑔$ % & ≤ 0 ∀𝑖 ∈ 0. . 𝐿 , ∀𝑡 ∈ 0, 𝑇
ℎ$ % & = 0 ∀ 𝑖 ∈ [0. . 𝐿], ∀𝑡 ∈ [0, 𝑇]

Optimization

State Constraints
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min
!
𝐽 𝑢 ≔ 𝐾(𝑥(𝑇)) + -

"

#
𝐿 𝑡, 𝑥 𝑡 , 𝑢 𝑡 𝑑𝑡

𝑠. 𝑡. 𝑥 𝑡 ∈ 𝑋, ∀𝑡 ∈ [0, 𝑇]
𝑥 0 = 𝑥", 𝑥 𝑡 + Δ𝑡 = 𝑓(𝑥, 𝑢, Δ𝑡)
𝑢 𝑡 ∈ 𝑈, ∀𝑡 ∈ 0, 𝑇
𝑔$ % & ≤ 0 ∀𝑖 ∈ 0. . 𝐿 , ∀𝑡 ∈ 0, 𝑇
ℎ$ % & = 0 ∀ 𝑖 ∈ [0. . 𝐿], ∀𝑡 ∈ [0, 𝑇]

Optimization

Initial Condition
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min
!
𝐽 𝑢 ≔ 𝐾(𝑥(𝑇)) + -

"

#
𝐿 𝑡, 𝑥 𝑡 , 𝑢 𝑡 𝑑𝑡

𝑠. 𝑡. 𝑥 𝑡 ∈ 𝑋, ∀𝑡 ∈ [0, 𝑇]
𝑥 0 = 𝑥", 𝑥 𝑡 + Δ𝑡 = 𝑓(𝑥, 𝑢, Δ𝑡)
𝑢 𝑡 ∈ 𝑈, ∀𝑡 ∈ 0, 𝑇
𝑔$ % & ≤ 0 ∀𝑖 ∈ 0. . 𝐿 , ∀𝑡 ∈ 0, 𝑇
ℎ$ % & = 0 ∀ 𝑖 ∈ [0. . 𝐿], ∀𝑡 ∈ [0, 𝑇]

Optimization

Dynamics Constraints
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min
!
𝐽 𝑢 ≔ 𝐾(𝑥(𝑇)) + -

"

#
𝐿 𝑡, 𝑥 𝑡 , 𝑢 𝑡 𝑑𝑡

𝑠. 𝑡. 𝑥 𝑡 ∈ 𝑋, ∀𝑡 ∈ [0, 𝑇]
𝑥 0 = 𝑥", 𝑥 𝑡 + Δ𝑡 = 𝑓(𝑥, 𝑢, Δ𝑡)
𝑢 𝑡 ∈ 𝑈, ∀𝑡 ∈ 0, 𝑇
𝑔$ % & ≤ 0 ∀𝑖 ∈ 0. . 𝐿 , ∀𝑡 ∈ 0, 𝑇
ℎ$ % & = 0 ∀ 𝑖 ∈ [0. . 𝐿], ∀𝑡 ∈ [0, 𝑇]

Optimization

Control Constraints
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min
!
𝐽 𝑢 ≔ 𝐾(𝑥(𝑇)) + -

"

#
𝐿 𝑡, 𝑥 𝑡 , 𝑢 𝑡 𝑑𝑡

𝑠. 𝑡. 𝑥 𝑡 ∈ 𝑋, ∀𝑡 ∈ [0, 𝑇]
𝑥 0 = 𝑥", 𝑥 𝑡 + Δ𝑡 = 𝑓(𝑥, 𝑢, Δ𝑡)
𝑢 𝑡 ∈ 𝑈, ∀𝑡 ∈ 0, 𝑇
𝑔$ % & ≤ 0 ∀𝑖 ∈ 0. . 𝐿 , ∀𝑡 ∈ 0, 𝑇
ℎ$ % & = 0 ∀ 𝑖 ∈ [0. . 𝐿], ∀𝑡 ∈ [0, 𝑇]

Optimization

Inequality Constraints
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min
!
𝐽 𝑢 ≔ 𝐾(𝑥(𝑇)) + -

"

#
𝐿 𝑡, 𝑥 𝑡 , 𝑢 𝑡 𝑑𝑡

𝑠. 𝑡. 𝑥 𝑡 ∈ 𝑋, ∀𝑡 ∈ [0, 𝑇]
𝑥 0 = 𝑥", 𝑥 𝑡 + Δ𝑡 = 𝑓(𝑥, 𝑢, Δ𝑡)
𝑢 𝑡 ∈ 𝑈, ∀𝑡 ∈ 0, 𝑇
𝑔$ % & ≤ 0 ∀𝑖 ∈ 0. . 𝐿 , ∀𝑡 ∈ 0, 𝑇
ℎ$ % & = 0 ∀ 𝑖 ∈ [0. . 𝐿], ∀𝑡 ∈ [0, 𝑇]

Optimization

Equality Constraints



CS391R: Robot Learning (Fall 2021)

Mixed-Integer Programming
● Some or all the optimization 

variables must have integer 
values.

● Typically solved with Branch and 
Bound techniques using 
constraint relaxation.

1. Solve Non-integer problem

2. Branch result into two cases with most 
“non-integer” value set above and below 
the nearest integers of the solution

3. Continue branching until all values are 
integers or no feasible solution
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Contact Invariant Optimization
● Signify contacting a surface with a binary variable
● Add a cost function that penalizes forces when contact is not active

𝐿! 𝑥 = 𝐿 𝑥 ++
"

𝑓" #

𝑐" + 𝜖
● 𝑐" is the contact variable, 𝑓" is the force being applied, 𝜖~10$%

[*] Discovery of complex behaviors through 
contact-invariant optimization
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Logic-Geometric Program

min
!
𝐽 𝑢 ≔ 𝐾 𝑥 𝑇 + +

"

#
𝐿 𝑥̅ 𝑡 𝑑𝑡

𝑠. 𝑡. 𝑥 0 = 𝑥", ℎ$%&' 𝑥 𝑇 = 0, 𝑔$%&' 𝑥 𝑇 ≤ 0
∀𝑡 ∈ 0, 𝑇 : ℎ(&)* 𝑥̅ 𝑡 , 𝑠+ ) = 0

𝑔(&)* 𝑥̅ 𝑡 , 𝑠+ ) ≤ 0

∀𝑘 ∈ 1, . . , 𝐾 : ℎ,-.)/* =𝑥 𝑡+ , 𝑎+ = 0
𝑔,-.)/* =𝑥 𝑡+ , 𝑎+ ≤ 0

𝑠+ = 𝑓(𝑠+01, 𝑎+)

𝑥̅ = 𝑥, 𝑥̇, 𝑥̈
=𝑥 = 𝑥, 𝑥̇, 𝑥̇23-
𝑎1:5 ⇒ skeleton 
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Multi-Bound Tree Search

● 3 Optimization Steps

○ P1: Evaluates initial and final pose without  considering costs

○ P2: Two time-step evaluations per action operator.

○ P3: Fine time-step evaluations over entire trajectory.
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Path Constraint Predicates

∀𝑡 ∈ 0, 𝑇 : ℎ23&4 𝑥̅ 𝑡 , 𝑠5 & = 0
𝑔23&4 𝑥̅ 𝑡 , 𝑠5 & ≤ 0
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Path Constraint Predicates

Resting and Stable Relations
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Path Constraint Predicates

Inertial Motion
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Path Constraint Predicates

Impulse Exchange
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Path Constraint Predicates

Geometric
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Action Operators

∀𝑘 ∈ 1, . . , 𝐾 : ℎ67$&84 F𝑥 𝑡5 , 𝑎5 = 0
𝑔67$&84 F𝑥 𝑡5 , 𝑎5 ≤ 0
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Results
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Results
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Results
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Results (Computation Time)
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Critiques

● Not real-time. Takes a minute or two to generate a 
trajectory

● Have to hard code knowledge base

● Finds the optimal solution which is usually the least robust
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Conclusions

● This is meant as a new method to explore rather than a 
total replacement of current manipulation planners

● Has a lot of potential if algorithms are created to reduce 
computation times and add robustness to solutions
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QUESTIONS?
Thank You!


